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Hadronic Matrix Elements

dΓ(B→ D∗lν) ∝ |Vcb|2F (1)2 〈D,v,ε|ε ·A|B,v〉= 2
√

mD∗mBF (1)

d2Γ(B→ πlν) ∝ |Vub|2 f 2
+ 〈π|Vµ|B〉=

√
2mB

[
vµ f‖+ pµ

⊥ f⊥
]

√
2mB f+ = (mB−Eπ) f⊥+ f‖

Γ(B→ lν) ∝ |Vub|2 f 2
B 〈0|Aµ|B〉= mBvµ fB

∆mq ∝ |Vtq|2ηB
8
3m2

Bq
f 2
Bq

BBq 〈B̄0
q|Q∆B=2|B0

q〉= 8
3m2

Bq
f 2
Bq

BBq

Each hadronic matrix element is a well-defined property of hadrons.

Relatively simple: at most one hadron appears in the initial or final state.

Similar matrix elements enter in other places in flavor physics:
K0-K̄0 mixing, B→ K∗γ, B→ K∗l+l−, D(s) (semi-)leptonic decays, ∆Γ.

WIN’03/WG3/Lattice QCD Hadrons, not Quarks Andreas S. Kronfeld
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A Dream?

Suppose the theory could improve so that the errors are

F (1) – hence |Vcb| : 1%
f+(1 GeV) – hence |Vub| : 4.5%

B→ KD – hence γ : 3%

fB
√

BB – hence “|Vtd|”: 4.5%
B→ ψKS – hence “β” : 2.5%

First three would determine (ρ̄, η̄) with tree topologies only.

Second two would test whether B0-B̄0 mixing arises solely from the Standard box

diagrams.

WIN’03/WG3/Lattice QCD Ask “Why Not?” Andreas S. Kronfeld
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The Matrix Reloaded

WIN’03/WG3/Lattice QCD Do we control the matrix? Andreas S. Kronfeld
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The Matrix Reloaded

WIN’03/WG3/Lattice QCD The matrix controls us! Andreas S. Kronfeld
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Quenched Lattice QCD

To reduce the computational burden, until now almost all numerical calculations of
physically interesting masses or hadronic matrix elements have been done in the
so-called “quenched approximation.”

The quenched approximation omits vacuum quark loops, and compensates the omis-
sion by changing the bare gauge coupling and masses ad hoc.

Reminiscent of a dielectric approximation, g2
0→ g2

0/ε, m0q→m0q/ρ.

In practice: different adjustments of the 1+nf bare parameters were needed for light,
heavy-light, and heavy-heavy hadrons.

In the dielectric analogy, ε(ω), ρ(ω) 6= constant.

Bottom line: quenching leaves unquantifiable uncertainties of 5–30%.

WIN’03/WG3/Lattice QCD Living with Quenching Andreas S. Kronfeld
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2+1 Flavors

Over the last few years, the MILC Collaboration has generated 10 + 4
unquenched ensembles of lattice gauge fields.

nf = 3 or 2+1 flavors of quark loops: light mu = md ≡ml & strange ms.

Ensemble: choice of g2
0(a), msea

l , msea
s ; compute functional integrals numerically.

Light quark masses: 0.15< ml/ms < 1 the lightest available.

Improved staggered quarks with the Asqtad action: discretization errors of O(αsa2)
and O(a4); a = 1

8, 1
11 fm. L = 2.5 fm.

Typically 500–600 configurations in each ensemble ⇒
raw simulation data have statistical uncertainty < few %.

WIN’03/WG3/Lattice QCD MILC Ensembles Andreas S. Kronfeld
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MILC made the ensembles of gauge fields freely available.

Physicists at Cornell, Fermilab, Simon Fraser, Glasgow, Illinois, & Ohio State starting

working on them too. ⇒ hep-lat/0304004

As each collaboration did its own work, we began to realize that the simulations were

working in the way that had been long expected:

Set 1+4 free parameters: a(g2
0); m0l , m0s, m0c, m0b

with 1+4 meson masses: mϒ(2S)−mϒ(1S); m2
π, m2

K, mDs, mϒ(1S).

Compute several other properties of light mesons and baryons, charmonium, and

Bs—all in all a wide variety of probes of the QCD scale.

Compare with experiment.

WIN’03/WG3/Lattice QCD Competing Collaborations Andreas S. Kronfeld
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Quenched, with parameters fixed.

WIN’03/WG3/Lattice QCD Old Pessimism Andreas S. Kronfeld
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Gold-Plated Quantities

The 5 mass (splittings) used to adjust the bare parameters and the 9 test quantities

are all, in a sense, “gold-plated.”

(i) 1 hadron in the initial state and 0 or 1 hadron(s) in the final state.

(ii) Hadrons either stable (π, K, N, Ξ, Ds, Bs) or narrow and well below threshold

(ψs, ϒs).

Particles that decay (e.g., ρ, φ, ∆, ψ(2S), ϒ(4S)) or two-particles states (e.g., ππ in

K → ππ) are more difficult to handle cleanly.

It is also important to control the chiral extrapolation—relevant for K and π physics

(and B and D). More on this later.

WIN’03/WG3/Lattice QCD New Optimism Andreas S. Kronfeld
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Survey of Lattice Fermions

Fermion loops are the most computationally demanding part of lattice QCD—detM.

Fermion propagators second-most—M−1S.

There are several methods, with various theoretical and computational advantages

and disadvantages: Wilson, staggered, domain-wall, overlap (Neuberger).

Can be traced back to the Nielsen-Ninomiya Theorem: there is an obstacle to main-

taining ultra-locality, chiral symmetries, sensible time-evolution, while avoiding species

doubling.

N.B., ultra-locality needed to define a Hamiltonian for a 6= 0.

WIN’03/WG3/Lattice QCD Lattice Fermions Andreas S. Kronfeld
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Costs of Dynamical Fermions

Studies of algorithms for (improved)

Wilson fermions suggest

cost ∝

(
m2

PS

m2
V

)3

L5 a−7

The Berlin Wall.

Phenomenology, not data.

Domain-wall and overlap are both

much, much slower.

Plots from K. Jansen.
0 0.2 0.4 0.6 0.8 1

mPS / mV

0

5

10

15

20

T
Fl

op
s 

× 
ye

ar

a-1 = 3 GeV

a-1 = 2 GeV

1000 configurations with L=2fm
[Ukawa (2001)]

WIN’03/WG3/Lattice QCD Ukawa Formula Andreas S. Kronfeld
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Staggered Quarks are Faster!

Wilson a = 1/11 fm a = 1/22 fm

Wilson/3 measured extrapolated ∝ a−7

WIN’03/WG3/Lattice QCD Wilson vs. Staggered Compared Andreas S. Kronfeld
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Staggered fermions provide the only method that is fast enough to reach

small enough masses for light quarks (loops and valence quarks) on current

computers.

WIN’03/WG3/Lattice QCD Staggered runs Fastest Andreas S. Kronfeld
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Problems with Staggered Fermions

Staggered fermions suffer from a few problems: the central one is that one lattice

fermion field produces 4 species (or tastes).

A side-effect until a few years ago was large discretization errors (formally of order a2).

Traced to taste-changing interactions.

Orginos and Toussaint found an empirical way to remove them: Fat7 (still O(a2)).
= + ++ + +

Lepage added a term to reduce discretization effects to O(αsa2,a4): Asqtad action.

WIN’03/WG3/Lattice QCD Problem: Large O(a2) Effects Andreas S. Kronfeld
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From 4 Tastes to 1

Staggered fermions are supposed to yield 4 Dirac fermions in the continuum limit.
How do we arrive at 1 or 2 flavors?

Fermion loops come from detM, where M is a discretization of /D+m. In the fermion-
loop algorithm, one simply takes (detM)nf /4.

Does (detM)nf /4 = det(Mnf /4)?

M =


M̃

M̃
M̃

M̃

+aN = M +aN , N not block diagonal

(detM)nf /4 = (detM̃)nf [1+ 1
4nf atr(N M −1)],

Do the terms a2M −2 (and their higher order siblings) spoil locality when a→ 0?

WIN’03/WG3/Lattice QCD Locality Lost? Neither Obviously “Yes” nor “No” Andreas S. Kronfeld
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To all orders in perturbative QCD, quark loops are treated correctly.

Further analysis is not so straightforward.

Explicit constructions of the 4 tastes are notationally voluminous.

The separation is clean (and local) for free fields, but muddied when gauge fields are

introduced.

The Asqtad action was specifically designed to reduce taste-changing interaction,

denoted here as N .

At present there is circumstantial evidence: the details of mPSand fPS.

For me it is compelling enough to believe that this method should be pursued.

WIN’03/WG3/Lattice QCD Locality Lost? Andreas S. Kronfeld
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The Problem of Light Quarks

The algorithms literally hit a wall when

mPS< 0.7mV Wilson (and SW)

mPS< 0.3mV staggered

or

mq < 0.6ms Wilson (and SW)

mq < 0.1ms staggered

In Nature md = 0.04ms and mu is about 3 times smaller still.

Extrapolate mq→ 0 (nearly), called the chiral extrapolation.

Often the largest source of systematic uncertainty (and frequently underestimated in
quenched calculations).

WIN’03/WG3/Lattice QCD Chiral Extrapolation Andreas S. Kronfeld
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Chiral Perturbation Theory

Chiral perturbation theory (χPT) allows us to describe the dependence of hadronic
quantities on the masses of light pseudoscalar mesons:

A = A0+A1(µ)
m2

π
(4π fπ)2 +Aχ

m2
π

(4π fπ)2 ln(m2
π/µ2)

The last term is called a “chiral log”. fπ = 132MeV
Really the limiting behavior of the function obtained from 1-loop integrals.

Something non-analytic in m2
π ∝ mq always appears; not always a log

l e.g., m3
π = (m2

π)3/2 in masses of heavy hadrons.

Replace mπ with mPS, the mass as calculated in the simulation, and fit.

Chiral symmetry constrains Aχ to something known or “knowable.” It is not a com-
pletely free parameter.

WIN’03/WG3/Lattice QCD Chiral Logs Andreas S. Kronfeld
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Chiral Extrapolations of fπ and fK

Dots at 0.04 are experiment values.

Error bars are lattice QCD, with two runs

with different msea
q .

Linear extrapolation (by eye) gets close.

Chiral log fits (dashed curves) at fixed a

get closer.

Chical log fit, now correcting for O(a2),
gets even closer. (On the ratio plot.)

An even more remarkable analysis [Aubin & Bernard] follows.

WIN’03/WG3/Lattice QCD fπ and fK Andreas S. Kronfeld
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χPT for Taste-Symmetry Violation

WARNING: this gets complicated!

For 4 species the taste symmetry group should be SU(4)×SU(4).

Discretization break it to Γ4×U(1), leading to more non-analytic contributions in χPT.

Also possible to account for (detM)nf /M in χPT: SU(4|4−nf )×SU(4|4−nf ).

And possible to account for mvalence
q 6= msea

q .

Aubin and Bernard put this all together to obtain unpresentable formulas.

Statistical precision of MILC is good enough to fit them.

WIN’03/WG3/Lattice QCD Achtung! Baby Andreas S. Kronfeld
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χPT with Violations of Taste Symmetry

one fit one fit

WIN’03/WG3/Lattice QCD Aubin & Bernard Andreas S. Kronfeld
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B→ D∗lν, |Vcb|, and F (1)

dΓ
dw

∝ |Vcb|2|F (w)|2

where the form factor F (w) is obtained from vector and axial-vector B→ D∗ transi-

tions.

At zero recoil, w→ 1, F reduces to a certain axial-vector form factor, hA1. More-

over, heavy-quark symmetry [Luke’s Theorem] forbids 1/mQ corrections to the heavy-

quark limit.

The variable w = vB ·vD is the velocity transfer, related to q2.

A couple of years ago, we figured out how to expoit the HQET interpretation of lattice

gauge theory to obtain the corrections F −1 from numerical simulations.

WIN’03/WG3/Lattice QCD B→ D∗lν Andreas S. Kronfeld

23



Strictly speaking, the D∗ is not one of our gold-plated mesons. It decays D∗→ Dπ.

However, it is just above threshold, and the threshold is pushed away for feasible light

quark masses.

More importantly, all uncertainties (including quenching) scale as F (1)−1.

So F (1), if not gold-plated, is sterling sliver.

F (1) = 0.913+0.024
−0.017±0.016+0.003

−0.014
+0.000
−0.016

+0.006
−0.014

with uncertainties from statistics and fitting, HQET matching, lattice-spacing effects,

chiral extrapolation, and quenching [Hashimoto et al., hep-ph/0110253].

WIN’03/WG3/Lattice QCD B→ D∗lν Andreas S. Kronfeld
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B→ πlν, |Vub|, and f+(Eπ)

d2Γ
dEldEπ

∝ |Vub|2| f+(Eπ)|2

where the form factor is obtained from vector B→ π transitions.

It is worth noting that the lepton energy dependence is completely known. For deter-
mining |Vub| it is not necessary to integrate over all El . It is enough to integrate over
experimental acceptance.

The variable Eπ = v· pπ is the pion energy in the rest frame of the B meson.

In the quenched approximation there is good (but not excellent) agreement on f+
between UKQCD, Fermilab, APE, and JLQCD. Agreement on f0 is poor.

Chiral extrapolations not easy and not done especially well. The is now better guid-
ance from χPT [Becirevic et al.].

WIN’03/WG3/Lattice QCD B→ πlν Andreas S. Kronfeld
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WIN’03/WG3/Lattice QCD From Carleton DeTar (Utah/MILC) Andreas S. Kronfeld
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∆mq, |Vtq|, and ξ
We saw in several lectures that the oscillation frequency

∆mq ∝ |Vtq|28
3m2

Bq
f 2
Bq

BBq

where the matrix element of the ∆B = 2 operator is written in a peculiar way.

An obvious strategy to reduce the theoretical uncertainties is to take the ratio

∆ms

∆md
∝
|Vts|2

|Vtd|2
m2

Bs

m2
Bd

ξ2, ξ =
fBs

√
BBs

fBd

√
BBd

The experimental precision is percent level. (∆ms is this precise as soon as it is
resolved.)

It was argued for many years that ξ was known at the 5% level: ξ = 1.15± 0.5,
including an estimate of the quenching error.

WIN’03/WG3/Lattice QCD Neutral B Mixing Andreas S. Kronfeld
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This value and error bar, especially the notion that a drastic cancellation of the uncer-

tainty, propagated to the experimental community.

This despite warnings from Booth [1994] and Sharpe&Zhang [1995] that ξ−1 could

deviate, in the quenched approximation, by as much as 100%.

This disparity led Sinéad Ryan and me to look at the arguments again.

Uncertainties in f 2
BBB can come from several sources. Most do cancel, at least to

some extent: statistics, lattice spacing effects, heavy-quark effects

ξ =
fBs

√
BBs

fBd

√
BBd

even, arguably, quenching effects at the scale ΛQCD.

This leaves uncertainty from the difference in the light quark masses: ms vs. ml →md.

WIN’03/WG3/Lattice QCD Neutral B Mixing Andreas S. Kronfeld
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The central value (∼ 1.15) came from a linear extrapolation in r = ml/ms, with r > 0.5.

As ml → md = ms/24 this is certainly not correct: chiral perturbation theory says

there must be a term m2
π lnm2

π, and m2
π ∝ ml , which has curvature.

We tried a different strategy: use the same lattice data, but interpret them as a deter-

mination of the analytic term in χPT. Then follow the χPT curve with chiral log.

Needs some phenomenology: the B-B∗-π coupling. We assumed a large range

around the measured D-D∗-π coupling.

Since then, the two most interesting developments are JLQCD’s calculations of fB
and BB [hep-ph/0307039], and preliminary calculations of fB on the MILC ensemables.

WIN’03/WG3/Lattice QCD Neutral B Mixing Andreas S. Kronfeld
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ξ =


1.30

1.13

???

Result with

Asqtad 2+1

[Wingate]

Best result

w/o staggered

light quarks

WIN’03/WG3/Lattice QCD Chiral Logs in ξ? Andreas S. Kronfeld
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ξ =


1.30

1.13

???

Result with

Asqtad 2+1

[Wingate]

Best result

w/o staggered

light quarks

WIN’03/WG3/Lattice QCD Chiral Logs in ξ! Andreas S. Kronfeld
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Outlook and Further Tests

The recent results with improved staggered quarks are very promising.

The goals are, however, extremely ambitious: uncertainties not merely small but

robust enough to support a claim of new phenomena in B physics (if indeed it’s there).

Any numerical simulation is, in the end, fairly inscrutable to outsiders. Are there any

predictions? Any tests?

There are several things that should be easy for us (and are in progress), and, though

unmeasured or poorly measured, will be measured well soon.

Decay constants and form factors of D and Ds mesons (coming from CLEO-c); the

mass of the Bc (coming from CDF).

WIN’03/WG3/Lattice QCD Future Prospects Andreas S. Kronfeld
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An especially intriguing test is as follows.

CLEO-c will measure D→ lν and D→ πlν. The ratio

1
Γ(D→ lν)

dΓ(D→ πlν)
dEπ

∝
[
| f+(Eπ)|

fD

]2

is a direct test of non-perturbative QCD. The missing factor is simply kinematics.

Couplings such as CKM and even GF drop out.

Similarly | f D→K
+ (EK)|/ fDs.

Next year I hope I can plot lattice QCD and (a few months later) overlay experiment.

If this test succeeds, we can note that the B form factors and decay constants have

similar (perhaps smaller) systematics, and all these are gold-plated, in the sense

given above.

WIN’03/WG3/Lattice QCD Predictions instead of Postdictions Andreas S. Kronfeld
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