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Chiral Perturbation Theory

χPT effective field theory based on the two assumptions

• π’s are the Goldstone boson of SU(3)L ⊗ SU(3)R → SU(3)V

• (chiral) power counting i.e. the theory has a small expansion parameter: p2/ Λ2
χSB:

ΛχSB ∼ 4πFπ ∼ 1.2 GeV

L∆S=0 = L2
∆S=0+L4

∆S=0+· · · =
Fπ

2

4

π→lν, ππ→ππ, K→π..
z }| {

〈DµUD
µ
U

†
+ χU

†
+ Uχ

†〉+

K→π..
z }| {X

i

LiOi + · · ·

Fantastic chiral prediction Aππ ∼ (s − m2
π)/Fπ

2
Weinberg, Colangelo et al

L∆S=1 = L2
∆S=1+L4

∆S=1+· · · = G8F
4 〈λ6DµU

†
D

µ
U〉

| {z }
K→2π/3π

+ G8F
2
X

i

NiWi

| {z }

K+→π+γγ,K→πl+l−

+ · · ·
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Kl4 and ππ strong phases δl
I(s)

K+ → π+π−lν =⇒ form factors Fi(s) = fi(s)e
iδ0

0(s) + ..

Aππ(s) ∼ (s − m2
π)/F 2

π + h.o. ⇔ δl
I(s)

θθ
φ

νπ

π+

−

K
+

e+
π

e

• Look angular plane asymmetry ππ lν

• δl
I(s ∼ 4 m2

π), ππ phase shifts near
threshold =⇒ al

I

• a0
0 strongly sensitive to 〈0|q̄q|0〉
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a0
0: BNL-E865 and THEORY

a0
0







0.16 O(p2) Weinberg 79

0.20 ± 0.01 O(p4) parameter free pre. Gasser Leutwyler

0.220 ± 0.005 O(p6) +analy.+disper. Bijnens et. al

BNL-E865 a0
0 = 0.216 ± 0.013

+ChPT+Th [hep-ph/0301040]
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K(k) → π(p)lν and CKM unitarity

|Vud|2 + |Vus|2 + |Vub|2 = 1 Vub negligible

M(Kl3) =
GF√

2
CVus [f+(t)(p + k)µ + f−(t)(k − p)µ]Lµ t = (k−p)2

• CVC =⇒ f+(0) = 1 + .., f−(0) = 0 .. Ademollo-Gatto

• f−(t) ⇔ f0(t), f+(t), f+,0(t) = f+(0)(1 + λ+,0t/m
2
π)

• λ+,0 measured, TH f+(0) = 1 + f2 + f4

CHPT f2 = −0.023 ± “0′′ Gasser Leutwyler

Guess f4 = −0.016 ± 0.008 Leutwyler Roos
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K(k) → π(p)lν and CKM unitarity

Γ(Ki
l3) = Ni|Vus|2|f+(0)|2I(λ+, λ0) I(λ+, λ0) stable

0.225

0.220

0.215

0.210

0.205

BNL
E865

KLOE
KS

KLOE
KL

KLOE
KL

K+
e3              K

0
e3              K

+
µ3              K

0
µ3

� Vus�  f+K0π-(0)

e.m./Isospin corrections+TH. f+(0)

|Vus| = 0.2196 ± 0.0019exp

±0.0018th

E865 0.2272±0.0023exp±0.0018th

CKM, Isidori
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Vus and Vud

|Vus| = 0.2196 ± 0.0019exp ± 0.0018th CKM, Isidori et al.

|Vus|E865 = 0.2272 ± 0.0023exp ± 0.0018th

|Vus|Hyperons = 0.2250 ± 0.0027exp ± 0.0018th Cabibbo,Swallow, Winston

Vud

• Superallowed =⇒ |Vud| = 0.9740± 0.0005
Unit.
=⇒ |Vus| = 0.2269± 0.0021

• Beta decay, gA, gV , |Vud| = 0.9731 ± 0.0015
Grenoble |Vud| = 0.9718 ± 0.0013?

• News expected soon from KLOE,NA48

Lake Geneva, 8th October 03 7



G. D’Ambrosio Rare Kaon decays and CKM unitarity tests

Motivations

SM at short distance predicts the current⊗current structure for K → πe+e−
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H ∼ GFα√
2M2

W

sLγµdL eLγµeL

[
∑

q V ∗
qsVqd m2

q

]

+ h.c.

[
A2λ5 (1 − ρ − iη)m2

t + λm2
c

]

Gilman,Wise; Buchalla,Buras, Lautenbacher

KL → π0e+e−







CP violating
sensitivity to new physics
Imλt = =(V ∗

tsVtd)
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Impact on New Physics from KL → π0e+e−

• CKM-fit: B- and K- ⇒
Imλt = =(V ∗

tsVtd) = (1.3 ±
0.11) · 10−4

• But limits from K-physics
only very weak Colangelo-Isidori,Buras-

Silvestrini

Isidori
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KL → π0e+e− vs. KL → π0νν

• KL → π0νν

SM
︷ ︸︸ ︷

(2.8 ± 1.0) ·10−11

KTeV
︷ ︸︸ ︷

< 5.9 · 10−7 no e.m. bck.

•

KL → π0e+e− :

SM
︷ ︸︸ ︷

∼ 1 · 10−11 But

{
KL → π0γγ → π0e+e−

KL = K2 + εK1 → π0e+e−

• – Greenlee bck.

Br(KL → e+e−γγ)

{
(5.8 ± 0.3) · 10−7

No kin. cut

1 · 10−10
kin. cut

• signal
bck. ∼ 0.1 But bck. can be known accurately (QED)=⇒ statistics
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Br(KL → π0e+e−) KTeV

• ’97(’99) 2.6 · 1011 KL

• expected bck. 1 evt. ’97 (’99)
2 evt. (1)

• Br < 5.1 · 10−10 (3.5)
combined < 2.8 · 10−10 0.125

0.13

0.135

0.14

0.145

0.48 0.49 0.5 0.51 0.52

meeγγ assuming mγγ=mπ0, in GeV/c2

m
γγ

 in
 G

eV
/c

2
KTeV

Foreseen statistics to measure the Direct- CP-violating part in the SM =λt

at 30% : 1.000 more KL
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Control over three contributions

• Direct CP violation in KL → π0e+e−

• CP conserving KL → π0e+e−

• KL = K2 + εK1 → π0e+e−
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Short distance contribution to KL → π0e+e−

K2 → π0(e+e−)J=1 dominated by the s.d.

Q7V = sγ
µ
(1 − γ5)d `γµ` , Q7A = sγ

µ
(1 − γ5)d `γµγ5`

B(KL → π
0
e

+
e
−
)CPV−dir =

τ(KL)

τ(K+)

B(K+
e3)

|Vus|2
(y

2
7A + y

2
7V )
ˆ
=(V

∗
tsVtd)

˜2
,

= (2.45 ± 0.22) × 10−12

»=λt

10−4

–2

where

=λt = =(V
∗

tsVtd)
SM−→ (1.33 ± 0.11) × 10

−4
Buchalla et al,CKM

Lake Geneva, 8th October 03 13
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KL(p) → π0(p3)γ(q1)γ(q2)

Lorentz + gauge invariance ⇒ M ∼ A(y, z) B(y, z)

γγ γγ

y=p·(q1−q2)/m2
K, z=(q1+q2)2/m2

K J = 0 D − wave too

rπ=mπ/mK F µνFµν F µνFµλ∂νKL∂λπ0

• d2Γ
dydz

∼ z2|A + B|2+
„

y2 −
„

(1 + r
2
π − z)

2

4 − r2
π

««2

|B|2 S, B

• Different gauge structure ⇒ B6=0 at z → 0 (collinear photons).

Crucial role in KL → π0e+e−

A suppressed by me/mK

B is not

Morozumi et al, Flynn Randall

Sehgal Heiliger, Ecker et al., Donoghue et al.
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KL → π0γγ
• O(p4) Ecker, Pich, de Rafael; Cappiello,G.D
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But
Γ(KL→π0γγ)p4
Γ(KL→π0γγ)exp

∼ 1
2.5

• O(p6) A, B from:
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% %$ $
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'
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ACT = α1(z − r2
π) + α2

BCT = β

VMD ⇒ 1 coupling aV (∼−0.6 G.D., Portoles)

(Ecker, Pich, de Rafael;Sehgal et al.)

α1 =
β
2 = −α2

3 = −4aV ∼ 2 n.d.a.∼0.2

• KTeV and NA48: 1 parameter fit (aV ) with all the unitarity corrections

0.1 0.2 0.3 0.4 0.5

1·10-6

2·10-6

3·10-6

4·10-6

B(KL → π0γγ)

(1.68 ± 0.1) · 10−6

(1.36 ± 0.05) · 10−6

aV
- 0.46±0.05 (NA48)
- 0.72±0.08 (KTeV)

100

200

300

0. 100. 200. 300. 400.

m34  [MeV/c2]

N
.o

f e
ve

nt
s

NA48: No evts.

at low mγγ

⇐B(KL → π0e+e−)
< 5 · 10−13
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KL → π0γ∗(q1)γ
∗(q2) → π0e+e−: need for a form factor

B(z) ∼ B(0) over all the interesting physical range (Dalitz plot analysis, explicit model

dependence)

B(KL → π
0
γγ)Mγγ<110 MeV = 2.0 × 10

−9 × |B(0)|2

Generally one computes the model independent imaginary part for KL →
π0 → π0e+e−. Also the dispersive part has to be computed

∼ ln Λ ⇒ form factor f(q2
1, q2

2).
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Short distance forbidden at leading order in αs by Furry theorem
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Matching with short distance is believed to be achieved with Vectors.

B(z, y; q2
1, q

2
2) = B(z) × f(q2

1, q
2
2)

f(q2
1, q

2
2) = 1 + α

(
q2
1

q2
1 − m2

V

+
q2
2

q2
2 − m2

V

)

+ β
q2
1q

2
2

(q2
1 − m2

V )(q2
2 − m2

V )

mV = mρ. Since we require f(q2
1, q

2
2) → 0 for large q2

1 + 2α + β = 0 Buchalla,G.D.,Isidori

Donoghue,Gabbiani use a stronger fall-off form factor (f ∼ 1/q4; extra
condition β = −α = 1)
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KL → π0γ∗(q1)γ
∗(q2) → π0e+(k1)e

−(k2)

M ( KL → π0 e+ e−)CPC =
G8α

2B(z)G(z)

16π2m2
K

p·(k1 − k2)(p + pπ)µu(k2)γ
µv(k1)

G(z) encodes the form factor f(q2
1, q2

2)-dependence:

G(z) =
2

3
ln

 
m2

ρ

−s

!

− 1

9
+

4

3
(1 + α) s = (k1 + k2)

2

BrCPC = 7.0 × 10
−14 × |B(0)|2 ×

n

1 +
h

1.4 + 1.4(1 + α) + 0.4(1 + α)
2
io

3.5 × 10−4 × B(KL → π0γγ)Mγγ<110 MeV

NA48
< 3 · 10−12 {< 10}
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G(z) =
2

3
ln

(

m2
ρ

−s

)

− 1

9
+

4

3
(1 + α) Buchalla,G.D.,Isidori

• Two-photon real =⇒ Model-independent; Agreement with Flynn-
Randall, Ecker, Pich,de Rafael

• No singularity for me → 0

• We disagree with Donoghue-Gabbiani

G(z) =
2

3
ln

(

m2
ρ

−s

)

− 1

4
ln

(−s

m2
e

)

+
7

18
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K±(KS) → π±(π0)`+`−

• short distance << long distance
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LD described by form factor W

W i =GFm2
K(ai + biz) + W i

ππ(z)

i = ±, S

ai, bi ∼ O(1), z =
q

2

m2
K

• Observables Γ(K+ → π+e+e−), Γ(K+ → π+µµ), slopes

• ai O(p4) Ecker, Pich, de Rafael

• bi O(p6) G.D., Ecker, Isidori, Portoles

• a+, b+ in general not related to aS, bS
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• Expt. E865

K+ → π+e+e− : a+ = −0.586 ± 0.010 b+ = −0.655 ± 0.044

confirmed in K+ → π+µµ

Problems:
ai bi same phenomenological size

p4 p6 different theoretical order

Probably explained by large VMD. Then we can just parameterize

Br(KS → π0e+e−) = 4.6 × 10−9a2
S

not predicted but dynamically interesting: aS ∼ O(1) (?): NA48
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KS → π0e+e− at NA48/1 Collaboration at CERN

• 7 events observed (with 0.15 expected background events)

B(KS → π0e+e−)mee>165 MeV =
(
3.0+1.5

−1.2 ± 0.2
)
× 10−9

|aS| = 1.08+0.26
−0.21

Using Vector matrix element and form factor equal to 1

B(KS → π0e+e−) =
(
5.8+2.9

−2.4

)
× 10−9
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KL → π0e+e− : summary

Br(KL → π0e+e−) ≤ 5 · 10−10 KTeV
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CP conserving NA48

Br(KL → π0e+e−)< 3 · 10−12

V-A⊗ V-A ⇒ 〈π0e+e−|(s̄d)V −A(ēe)V −A|KL〉 violates CP
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" #$ % & ')( *,+* + - .+ / .0+1

x
?
?B(Ks → π0e+e−) = 4.6a2

S × 10−9

Possible large interference: aS< −0.5 or aS> 1; short distance probe even for aS large

|2) + 3)|2 =

"

15.3 a2
S − 6.8

Imλt

10−4
aS + 2.8

„
Imλt

10−4

«2
#

· 10−12

[17.2± 9.4 + 4.7] · 10−12
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• The large slope for K+ → π+e+e− calls for large VMD

• K+ → π+e+e− receives substantial ππ-loop, contrary to KS → π0e+e−

(∼ 0),

• if we split

(
aVMD

i

1 − zm2
K/m2

V

+ anVMD
i

)

≈
[
(
aVMD

i + anVMD
i

)
+ aVMD

i

m2
K

m2
V

z

]

Then we can determine both terms from expt.

aVMD
+ =

m2
V

m2
K

bexp
+ = −1.6±0.1 , anVMD

+ = aexp
+ −aVMD

+ = 1.0±0.1
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• Also we can hope aVMD
i obey a short distance relation since i) VMD is a larger scale

and ii) NOT affected by ππ-loop

• The only operator at short distances is Q7 = sγµ(1 − γ5)d `γµ` ,

H|∆S|=1
eff =

GF√
2

V
∗

usVud

h 6,7VX

i=1

(zi(µ) + τyi(µ))Qi(µ) + τy7A(MW )Q7A(MW )
i

τ = −V ∗
tsVtd/V ∗

usVud. The Wilson coefficients z7(µ) and τy7(µ) determine the

CPC CPV amplitudes and their relative sign. The isospin structure of Q7V leads

(aS)〈Q7V 〉 = −(a+)〈Q7V 〉

• If this relation is obeyed by the full VMD amplitude

(aVMD
S )〈Q7V 〉 = −aVMD

+ = 1.6 ± 0.1

in good agreement with NA48 (|aS| = 1.08+0.26
−0.21)
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• Having i) separated the contribution better suited to comparison with s.d. (VMD) and

ii) realized that this dominates Theoret. and Phenom.(NA48) aS

• we believe the positive interference of s.d.

B(KL → π0e+e−)SM =
`
3.1+1.2

−0.9

´
× 10−11 aS

KTeV B(KL → π0e+e−)

< 2.8×10−10 at 90 %C.L. 2.42.01.61.20.80.40

5

4

3

2

1

1011 × B(KL)

104 × =λt
Present error on aS = 1.08,10% 5%, no error

K-physics bound: −1.2 × 10−3 < =λt < 1.0 × 10−3 at 90 %C.L.
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Conclusions

• CHPT Test and SM tests, Kl3: |Vus| = 0.2196 ± 0.0019exp ± 0.0018th,
|Vus|E865 = 0.2272± 0.0023exp± 0.0018th, |Vus|unit. = 0.2269± 0.0021

• NA48, important info on KL → π0γγ (now all 3 unknown ∼ fixed,
chiral-VMD test also KS → γγ involved )

• Direct CP violation in KL → π0e+e− (SM) well known, NP bounds from
K-physics important

• CP conserving KL → π0e+e− New form factor with explicit model
dependence: Still this contribution small

• Dynamical model for aS ⇒ Positive interference expected
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