
NEUTRINO PHYSICS: OPEN THEORETICAL QUESTIONS

A. Y. SMIRNOV

International Centre for Theoretical Physics, Strada Costiera 11, 31014 Trieste, Italy

and

Institute for Nuclear Research, Russian Academy of Sciences,Moscow, Russia

E-mail: smirnov@ictp.trieste.it

We know that neutrino mass and mixing provide a window to physics beyond the Standard Model. Now this window

is open, at least partly. And the questions are: what do we see, which kind of new physics, and how far “beyond”?

I summarize the present knowledge of neutrino mass and mixing, and then formulate the main open questions.

Following the bottom-up approach, properties of the neutrino mass matrix are considered. Then different possible

ways to uncover the underlying physics are discussed. Some results along the line of: seesaw, GUT and SUSY GUT

are reviewed.

1. Introduction

This review is devoted to neutrino masses and mix-

ing. It covers experimental results, their interpreta-

tion and implications. It is in this area that enor-

mous progress has been achieved during the last few

years.

The field develops fast, and already after the

Symposium a number of important results have been

published including the SNO salt phase data, new

analysis of the Heidelberg-Moscow experimental re-

sults, etc..

In Sec. 2 the main achievements in reconstruc-

tion of the neutrino mass and mixing spectrum are

summarized. The open theoretical questions are for-

mulated in Sec. 3. In Sec. 4, following the bottom-

up approach, the neutrino mass matrix is recon-

structed and its properties are studied. In Sec. 5

the ways we may go in answering the open questions

are outlined.

2. What Have We Learned?

2.1. Solar Neutrinos

The latest SNO salt phase results1 have further con-

firmed the correctness of the Standard Solar Model

(SSM) neutrino fluxes2 and the realization of the

MSW large mixing (LMA) conversion mechanism3

inside the Sun.1,4−10 In Fig. 1 we show the al-

lowed region of the oscillation parameters tan2 θ12
and ∆m212 from the 2ν combined analysis of the so-

lar neutrino and KamLAND11 results. The best-fit

values of the parameters are

∆m212 = 7.1× 10−5eV2, tan2 θ12 = 0.4. (1)
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Figure 1. The allowed regions of oscillation parameters from

the combined fit of the solar neutrino data and the KamLAND

spectrum at 1σ, 2σ, 3σ CL.10 Shown are also the contours
of constant CC/NC ratio (dotted lines) and the Day-Night

asymmetry (dashed lines) at SNO (numbers on the curves in

%).

Combined fit of the solar, KamLAND11 and

CHOOZ12 results favors nearly zero 1-3 mixing:

sin2 θ13 ∼ 0.9,10 Basically the data have selected the

l-LMA region with ∆m212 < 10−4 eV2 (the h-LMA

region is accepted now at 3σ only), and strongly dis-

favored maximal 1-2 mixing. The upper bound is

tan2 θ12 < 0.64 (3σ). (2)

As a result of these improvements, the physics of the

conversion is now even determined quantitatively.5,10

In particular, recent results show relevance of the no-
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tion of resonance, they fix the relative strength of

the effects of the adiabatic conversion and the oscil-

lations as function of the neutrino energy.10

In Fig. 1 we show also the contours of constant

CC/NC ratio and Day-Night asymmetry of the CC-

events at SNO. They allow one to evaluate an impact

of future SNO measurements. The KamLAND op-

eration will allow one to eventually determine ∆m212
with about 10% accuracy.

Are there any data which indicate deviation from

the LMA picture? In this connection we consider two

generic features of the LMA-MSW solution:

• the predicted Ar-production rate, QAr =

2.96 ± 0.25 SNU, is about 2σ higher than the

Homestake13 result; and

• the upturn of the spectrum at low energies,

that is, the increase of the ratio N obs/NSSM

with decrease of energy, is expected which can

be as large as 10 – 15%. However, the lat-

est SNO as well as the previous SNO and

SuperKamiokande14 spectral data do not show

the upturn, being in agreement with the absence

of distortion.

Both problems can be resolved simultaneously, if

a light sterile neutrino exists with very small active-

sterile mixing: 15

∆m201
∆m221

= 0.05− 0.2, sin2 2α = 10−5 − 10−3. (3)

Such a mixing produces a dip in the survival prob-

ability (Fig. 2) which suppresses both the Ar-

production rate and the upturn of spectrum. The

best description of the data would correspond to the

dip at relatively high energies (panel for R∆ = 0.10)

when the CNO- and pep-neutrino fluxes and the low

energy part of the boron neutrino spectrum are sup-

pressed.

Such a possibility can be tested in the future low

energy neutrino experiments: BOREXINO,16 Kam-

LAND, MOON, etc.,17 as well as in further measure-

ments of the spectrum by SNO and SK.

2.2. Atmospheric Neutrinos

A recent refined analysis of the SuperKamiokande

data in terms of νµ − ντ oscillations gives18 at 90%

CL
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Figure 2. The survival probabilities of the electron neutrino
(solid line) and the active neutrinos (dashed line) for different

values of the sterile-active mixing.15 The panels correspond to
three different values of R∆ ≡ ∆m201/∆m

2
21. Vertical dashed

line indicates the position of the 1-2 resonance.

∆m213 = (1.3−3.0)×10−3eV2, sin2 2θ23 > 0.9 (4)

with the best fit at ∆m212 = 2.0 × 10−3 eV2 and

sin2 2θ12 = 1.0. Combined analysis of the CHOOZ

and the atmospheric neutrino data puts the upper

bound on the 1-3 mixing19

sin2 θ13 < 0.067 (3σ). (5)

The open question is whether oscillations of the at-

mospheric νe exist? There are two possible sources

of these oscillations: (i) non-zero 1-3 mixing and “at-

mospheric” ∆m213, and (ii) solar oscillation parame-

ters in Eq. (1). Also their interference should exist.20

After confirmation of the LMA-MSW solution we can

definitely say that oscillations driven by the LMA pa-

rameters (the LMA oscillations) should show up at

some level. Relative modification of the νe flux due

to the LMA oscillations can be written as20

Fe
F 0e
− 1 = P2(r cos

2 θ23 − 1), (6)
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where P2(∆m
2
12, θ12) is the 2ν transition probability

and r ≡ F 0µ/F
0
e is the ratio of the original νµ and νe

fluxes. In the sub-GeV region, where P2 can be of the

order 1, the ratio equals r ≈ 2, so that the oscillation

effect is proportional to the deviation of the 2-3 mix-

ing from the maximal value: D23 ≡ 1/2 − sin2 θ23.

In Fig. 3 we show the ratio of numbers of the e-like

events with and without oscillations as function of

the zenith angle of the electron. For the allowed

range of sin2 θ23 and the present best-fit value of

∆m212 the excess can be as large as 5 - 6%. The

excess increases with decreasing energy.
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Figure 3. The ratio of numbers of the e-like events with and
without oscillations as function of the zenith angle of the elec-

tron for different values of sin2 θ23.20 Other parameters are
sin2 2θ12 = 0.82, sin θ13 = 0 and ∆m212 = 7.3 × 10−5 eV2.

Also shown are the SuperKamiokande experimental points.

Future searches for the excess can be used to

restrict or measure D23. In fact, the latest analy-

sis, (without renormalization of the original fluxes)

shows some excess of the e-like events at low ener-

gies and the absence of excess in the multi-GeV sam-

ple, thus giving a hint of non-zero D23. Establishing

this deviation has important consequences for under-

standing the origins of neutrino masses and mixing.

Non-zero 1-3 mixing generates the interference

effect between the LMA oscillations amplitudes.20

The interference contribution does not contain the

“screening” factor, in Eq. (6), and can reach 2 – 4%

for the allowed values of sin θ13. This produces an

uncertainty in the determination of D23. So, D23 can

be measured if either a large excess is found or/and

a stronger bound on the 1-3 mixing is established.

2.3. Mass Spectrum and Mixing

Information obtained from the oscillation experi-

ments allows us to make significant progress in the

reconstruction of the neutrino mass and flavor spec-

trum (Fig. 4).
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Figure 4. Neutrino mass and flavor spectra for the normal
(left) and inverted (right) mass hierarchies. The distribu-

tion of flavors (colored parts of boxes) in the mass eigenstates
corresponds to the best-fit values of mixing parameters and
sin2 θ13 = 0.05.

The unknowns are:

(i) admixture of νe in ν3: Ue3;

(ii) type of mass spectrum: hierarchical; non-

hierarchical with certain ordering; degenerate, which

is related to the value of the absolute mass scale, m1;

and

(iii) type of mass hierarchy (ordering): normal,

inverted.

Using a global fit of the oscillation data one can

find intervals for the elements of the PMNS mixing

matrix ||Uαi||:




0.79 - 0.86 0.50 - 0.61 0.0 - 0.16

0.24 - 0.52 0.44 - 0.69 0.63 - 0.79

0.26 - 0.52 0.47 - 0.71 0.60 - 0.77



 , (7)

where columns correspond to the flavor index and

rows to the mass index.21

Now we are in a position to construct the lep-

tonic unitarity triangle, although the finite size of

one angle is still unknown. For practical reason (no

intensive ντ beams) we consider the triangle which

employs the e- and µ- rows of the mixing matrix

(Fig. 5). The triangle is not degenerate in spite of

the strong bound on the 1-3 mixing.

Is it possible to reconstruct the triangle using

results from future experiments? Can we use the tri-

angle to determine the CP-violation phase, δ? The
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area of the triangle is related to the Jarlskog invari-

ant JCP ≡ Im[Ue1Uµ2U
∗
e2U

∗
µ1]: S = JCP /2. Recon-

struction of the triangle is complementary to mea-

surements of the neutrino-antineutrino asymmetries

in oscillations. Interestingly, the main problem here

is the coherence: the same coherence which leads to

the oscillations. For the triangle method we need to

study interactions of the mass eigenstates, whereas

in practice we deal with flavor (coherent) states. So,

breaking of the coherence, averaging of oscillations,

experiments with the beams of mass eigenstates and

measurements of the survival (rather than transition)

probabilities are the key elements of the method.22

|U    U*    |

|U    U*    |

|U    U*    |e2 µ2

µ1e1

e3 µ3

CPS = 1/2 J

Figure 5. Possible leptonic unitarity triangle. We take the
best-fit values of θ12, and θ23 and sin θ13 = 0.16.

2.4. Neutrinos from SN1987A

After confirmation of the LMA-MSW solution we

can definitely say that the effect of flavor conver-

sion has already been observed in 1987. One must

take into account the conversion effects in analysis of

SN1987A23 and future supernova neutrino data.

In terms of the original fluxes of the electron and

muon antineutrinos, F 0(ν̄e) and F
0(ν̄µ), the electron

antineutrino flux at the detector can be written as

F (ν̄e) = F 0(ν̄e) + p̄∆F 0, (8)

where ∆F 0 ≡ F (ν̄µ)− F (ν̄e), and p̄ is the permuta-

tion factor. In assumptions of the normal mass hi-

erarchy (ordering) and the absence of new neutrino

states, p̄ can be calculated precisely: p̄ = 1 − P1e,

where P1e is the probability of ν̄1 → ν̄e transi-

tion inside the Earth.24,25 It can be written as p̄ =

sin2 θ12+freg, where freg describes the effect of oscil-

lations (regeneration of the ν̄e flux) inside the Earth.

Due to the difference in distances traveled by neutri-

nos to Kamiokande, IMB and Baksan detectors in-

side the Earth: 4363 km, 8535 km and 10449 km cor-

respondingly, the permutation factors differ for these

detectors (Fig. 6). The Earth matter effect can par-

tially explain the difference between the Kamiokande

and the IMB spectra of events.25

In contrast to p̄, the original fluxes, and conse-

quently ∆F 0, are not well known, and one can not

make precise predictions of the flux modification in

Eq. (8).

Figure 6. The permutation factor p̄ = 1 − P1e as a func-

tion of neutrino energy for Kamiokande II, IMB and Baksan
detectors.26

For the inverted mass hierarchy and sin2 θ13 >

10−5 one would get a stronger permutation, p̄ = 1,

and therefore a harder ν̄e spectrum, as well as the

absence of the Earth matter effect. This is disfavored

by the data,27 though in view of small statistics and

uncertainties in the original fluxes it is not possible

to make a firm statement.

2.5. Absolute Scale of Mass

From the oscillation results we can put only a lower

limit on the heaviest neutrino mass:

mh ≥
√

∆m213 > 0.04 eV, (9)

where mh = m3 for the normal mass hierarchy, and

mh = m1 ≈ m2 for the inverted hierarchy. The

neutrinoless double beta decay is determined by the

combination

mee = |
∑

k

U2ekmke
iφ(k)|, (10)

where φ(k) is the phase of the k eigenvalue. Figure 7

summarizes the present knowledge of the absolute

mass scale. Shown are the allowed regions in the

plane of mee probed by ββ0ν decay and the mass



5

of lightest neutrino probed by the direct kinemati-

cal methods and cosmology. The best present bound

on mee is given by the Heidelberg-Moscow experi-

ment: mee < 0.35 − 0.50 eV,29 part of collaboration

claims evidence of a positive signal.30 Interestingly,
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Figure 7. The 90% CL range for mee as a function of the

lightest neutrino mass for the normal (∆m223 > 0) and in-
verted (∆m223 < 0) mass hierarchies.28 The darker regions
show how the allowed range for the present best-fit values of

the parameters with negligible errors.

the present double beta decay measurements and

cosmology have similar sensitivities mee ∼ m1 ∼

(0.2−0.5) eV. The latter corresponds to the degener-

ate mass spectrum: m1 ≈ m2 ≈ m3 ≡ m0. Analyses

of cosmological data (with WMAP) result in the 95%

CL upper bounds m0 < 0.23 eV,31 m0 < 0.6 eV32

and m0 < 0.34 eV.33 Independent analysis which in-

cludes the X-ray galaxy cluster data gives non-zero

value m0 = 0.20± 0.10 eV.34

Future improvements of the upper bound onmee

have the potential to distinguish between the hierar-

chies: According to Fig. 7, if the bound mee < 0.012

eV is established, the inverted hierarchy will be ex-

cluded at 90 % CL.

2.6. LSND

The situation with this ultimate neutrino anomaly35

is really dramatic: all suggested physical (not related

to the LSND methods) solutions are strongly or very

strongly disfavored now. At the same time, being

confirmed, the oscillation interpretation of the LSND

result may change our understanding the neutrino

(and in general fermion) masses.

A recent analysis performed by the KARMEN

collaboration36 has further disfavored a scenario37 in

which the ν̄e appearance is explained by the anoma-

lous muon decay µ+ → ν̄eν̄ie
+ (i = e, µ, τ).

The CPT-violation scheme38 with different mass

spectra of neutrinos and antineutrinos is disfavored

by the atmospheric neutrino data.39 No compatibility

of LSND and “all but LSND” data have been found

below 3σ.40

The main problem of the (3 + 1) scheme with

∆m2 ∼ 1 eV2 is that the predicted LSND signal,

which is consistent with the results of other short

base-line experiments (BUGEY, CHOOZ, CDHS,

CCFR, KARMEN) as well as the atmospheric neu-

trino data, is too small: the ν̄µ → ν̄e probability is

about 3σ below the LSND measurement.

Introduction of the second sterile neutrino with

∆m2 > 8 eV2 may help.41 It was shown42 that

a new neutrino with ∆m2 ∼ 22 eV2 and mixings

Ue5 = 0.06, Uµ5 = 0.24 can enhance the predicted

LSND signal by (60 – 70)% . The (3 + 2) scheme

has, however, problems with cosmology and astro-

physics.
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Figure 8. The allowed regions of parameters of the (3 + 1)
scheme, ∆m214 and sin2 2θµµ ≈ 4|Uµ4|2, at different confi-

dence levels. Shown are the 90% sensitivity limits of the Mini-
BooNE and the MiniBooNE+FINeSE experiments.

The generic prediction of (3 + n) schemes is

the νµ oscillation disappearance at the level of ex-

isting upper bouds from CDHS,,43 CCFR,,44 and

NOMAD45 experiments. New searches of νµ dis-
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appearance are being performed by the MiniBooNE

experiment46 and planned by the proposed exper-

iment FINeSE47 (see Fig. 8, where the sensitivity

region of these searches is shown47).

The combination of the two described solutions,

namely the 3 + 1 scheme with CPT-violation, has

been considered.48

2.7. Known and Unknown

Information described in the previous sections can

be summarized in the following way.

1. The observed ratio of the mass squared differ-

ences, ∆m212/∆m
2
23 = 0.01− 0.15, implies that there

is no strong hierarchy of masses:

m2
m3

>

√

∆m212
∆m223

= 0.18+0.22−0.08. (11)

For charge leptons the corresponding ratio is 0.06.

2. There is the bi-large or large-maximal mixing

between the neighboring families (1 - 2) and (2 - 3).

Still rather significant deviation of the 2-3 mixing

from the maximal one is possible.

3. Mixing between remote (1-3) families is weak.

Several key elements are unknown yet leading to

a variety of possible interpretations.

Knowledge of the absolute mass scale, type of

mass spectrum, and type of mass hierarchy is of the

highest priority. The 1-3 mixing has important phe-

nomenological consequences; its value is a test of the

mechanisms of the lepton mixing enhancement. The

CP-violating Majorana phases are extremely impor-

tant for the structure of neutrino mass matrices. De-

viations of the 2-3 and 1-2 mixings from maximal val-

ues play a crucial role in understanding the origins

of neutrino masses. The existence of new neutrino

states (their search should be a permanent item in

the scientific agenda) may change completely our ap-

proaches to the underlying theory.

These are phenomenological and experimental

questions we will deal with during the next 20 – 30

years.

3. Open Theoretical Questions

What does all this (results on neutrino masses and

mixing) mean?

Among old, still open, questions are the follow-

ing: Why are neutrino masses so small in comparison

with the charged lepton and quark masses? What is

the origin of neutrino mass? Is it the same as the

one for quarks and charged leptons?

What are the relations between neutrino masses

and other mass/energy scales in nature, e.g. the scale

of cosmological constant or dark energy?

Why is the lepton mixing large? Why is it so dif-

ferent from quark mixing? Is the 2-3 mixing exactly

maximal? What are the relations between different

mixing angles (if any)? How is the observed pattern

of lepton mixing is generated?

In the quark sector the smallness of mixing is

related to the strong mass hierarchy. What are the

relations between the lepton masses and lepton mix-

ing?

Do neutrinos show certain flavor or horizontal

symmetry? If so, is this symmetry consistent with

the pattern of quark masses and mixing?

Are the results of neutrino masses and lepton

mixing consistent with the quark-lepton symmetry

and Grand Unification?

If new light sterile neutrinos exist what is their

nature and why are they light?

What are the implications of the neutrino results

for GUT, SUSY, models with extra dimensions, and

strings? Vice versa: what can these beyond the SM

theories tell us about neutrinos?

4. Bottom-Up

One can try the “top-down” approach confronting

immediately a proposed model with experimental re-

sults. Inversely, to get some hints in answering the

above questions, it may be worthwhile to try to move

bottom-up.

4.1. Neutrino mass matrix

There are several steps in the bottom-up approach.

1). Take the results on ∆m2ij , θij , mee, etc..

2). Reconstruct the neutrino mass matrix in the

flavor basis (where the charge lepton mass matrix

is diagonal) assuming also that neutrinos are Majo-

rana particles. Notice that the mass matrix unifies

information contained in masses and mixing angles

and this may provide some more hints toward the

underlying theory.

3.) Identify the symmetry basis (which may dif-

fer from the flavor basis) and the symmetry scale.
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Take into account the renormalization group effects.

4.) Identify the symmetry (as well as mechanism

of symmetry violation, if needed) and underlying dy-

namics.

Let us make the first step in the bottom-up ap-

proach. The mass matrix in the flavor basis can be

written as

m = U∗mdiagU+, (12)

where U = U(θij , δ) is the mixing matrix, δ is the

Dirac CP-violating phase, and

mdiag = diag(m1e
−2iρ, m2, m3e

−2iσ). (13)

Here ρ and σ are the Majorana phases. The mass

eigenvalues equal m2 =
√

m21 +∆m212, and m3 =
√

m21 +∆m213.

The results of reconstruction of the mass

matrix49,50 are shown in Figs. 9, 10, and 11 as

the ρ − σ plots for the absolute values of the 6

independent matrix elements. They correspond to

three extreme cases: normal mass hierarchy, quasi-

degenerate spectrum and inverted mass hierarchy.

The figures illustrate a variety of possible structures.

In particular, for the normal mass hierarchy (Fig. 9)

there is clear structure with the dominant µ−τ block.

Interesting parameterizations of the mass matrix (up

to an overall mass factor) are





0 0 λ

0 1 1

λ 1 1



 ,





λ2 λ λ

λ 1 1

λ 1 1



 , (14)

where λ ∼ 0.2. Also the matrix similar to the first

one in Eq. (14) withm12 ∼ λ andm13 ≈ 0 is possible.

In the case of a quasi-degenerate spectrum, the

interesting dominant structures are




1 0 0

0 1 0

0 0 1



 ,





1 0 0

0 0 1

0 1 0



 . (15)

These matrices are realized for values of phases in

the corners of the plots: ρ, σ = 0, π (the first ma-

trix) or at ρ = 0, π, σ = π/2 (the second one) which

corresponds to definite CP-parities of the mass eigen-

states. Also the “democratic” structure with equal

moduli of elements is possible for the non-trivial val-

ues of phases.51 Changing the phases one can get any

intermediate structure between those in Eqs. (14)

and (15).
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Figure 9. The Majorana mass matrix for the normal mass
hierarchy: m3/m2 = 5, m1 ≈ 0.006 eV. We show contours of
constant mass in the ρ−σ plots for the moduli of mass matrix
elements. We take for other parameters ∆m212 = 7×10−5eV2,
∆m213 = 2.5×10−3eV2, tan2 θ12 = 0.42, tan θ23 = 1, sin θ13 =

0.1, and δ = 0.
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Figure 10. The same as in Fig. 9 for the quasi-degenerate

spectrum: m3/m2 = 1.01, m1 ≈ 0.35 eV.

In the case of the inverted hierarchy, generically

the ee- element is not small. Among interesting ex-

amples are
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 ,
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 .

(16)
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Figure 11. The same as in Fig. 9 for the inverted mass hier-
archy: m3/m2 = 0.1, m3 ≈ 0.005 eV.

In the SM and MSSM the renormalization group

effects do not change the structure of the mass ma-

trix: the corrections to a given element are propor-

tional to the element itself. Furthermore, the cor-

rections are small even in the SUSY case (below

0.1%). So, unless some new interactions exist, the

mass matrix determined at low energies does not

change structure when running up to the scale where

the corresponding mass operators are formed or up

to the symmetry scale.

In contrast to the matrix structure, the radiative

corrections are important for the oscillation observ-

ables in the case of partially or quasi degenerate mass

spectra.

Scanning the ρ − σ plots shown in Figs. 9, 10,

and 11, one can make the following observations.

1). A large variety of different structures is still

possible, depending strongly on the unknown m1,

type of mass hierarchy and Majorana phases. The

dependence on sin θ13 and δ is weak.

2). Generically the hierarchy of elements is not

strong: within 1 order of magnitude. At the same

time matrices with one or two exact zeros are not

excluded.52

3). Matrices are possible with:

- dominant (i) diagonal elements (∼ I), (ii) µτ -

block, (iii) e-row elements, (iv) ee−, µτ−, τµ− ele-

ments (triangle structure),

- democratic structure,

- flavor alignment,

- non-hierarchical structures with all elements of

the same order,

- flavor disordering,

- zeros at different places, and

- equalities of various element.

4). Typically, the hierarchical structures appear

for the Majorana phases near 0 , π/2, or π.

5). Matrices can be parameterized in terms of

powers of small parameter λ = 0.2 − 0.3 consistent

with the Cabibbo mixing.

In a significant part of the parameter space the

matrix does not show any regularities, and relative

values of its elements appear as random numbers

which spread within one order of magnitude. This

supports the idea of “Anarchy”.53,54 Consideration

of the anarchy of elements is a test of the possible

complexity of the neutrino mass matrix. The case of

anarchy can be imitated if neutrino masses have sev-

eral different contributions, and even if each of them

has well defined structure or symmetry, the sum may

show up as a matrix with disorder. In this connection

one can consider representations of the mass matrix

as the sum of matrices, given in Eq. (15), as well as

the democratic matrix with certain coefficients.55

What is more fundamental: oscillation observ-

ables or neutrino mass matrix in some basis? The

answer may depend on the type of mass spectrum.

In the case of hierarchical spectrum the observables

are visibly imprinted into the structure of the mass

matrix. In contrast, for the quasi-degenerate spec-

trum they are just very small perturbations of the

dominant structure which is determined by the non-

oscillatory parameters: the absolute mass scale and

the Majorana CP-violating phases. Then the oscilla-

tion parameters can be a result of interplay of some

small, in particular, radiative corrections.

In the case of Majorana neutrinos, the elements

of the mass matrix are physical parameters: they can

be immediately measured in the neutrinoless beta de-

cay and, in principle, in other similar processes. In

practice, it is not possible to reconstruct the mass

matrix from experiment completely. Even in the

most optimistic case the phase σ will be undeter-

mined and Figs. 9, 10, and 11, give an idea of the

remaining uncertainty. Only in the case of the g

mass hierarchy does the dependence on σ disappear.

The hope is that even without complete reconstruc-

tion of the mass matrix we will be able to uncover

the underlying physics.
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4.2. Neutrino Mass and Horizontal

Symmetry

Do the results on neutrino masses and mixing in-

dicate certain regularities or symmetry? Can the

dominant structures of the mass matrix be explained

by a symmetry with the sub-dominant elements ap-

pearing as a result of violations of the symmetry? Is

the neutrino mass matrix consistent with symmetries

suggested for quarks?

The following symmetries have been considered.

1). Le − Lµ − Lτ .
56 This symmetry supports,

in particular, the structure with an inverted mass

hierarchy. However, the rather large element mee

(Fig. 11) shows strong violation of this symmetry.

2). Discrete symmetries: A4,
57 S3,

58 Z4,
59,

and D4.
60 They reproduce successfully the dominant

structures in Eq. (15) as well as the “democratic”

matrix.

However, both classes of symmetries 1) and 2)

typically treat quarks and leptons differently.

3). U(1).61 In the Froggatt-Nielsen context62

this symmetry can describe mass matrices of both

quarks and leptons. However, the claimed pre-

dictability of this approach can be questioned: the

U(1) charges should be considered as discrete free

parameters. Furthermore, precise description of data

usually requires coefficients (prefactors) of the order

1 (1/2 - 2) in front of powers of the expansion pa-

rameter. The outcome is that the mixing pattern

depends substantially on values of these unknown

prefactors.

4). SU(2),63 SO(3),64, and SU(3)65 require a

complicated Higgs sector to break the symmetry. Of-

ten models are too restrictive and predictions are on

the borders of allowed regions.

The question is still open. Different symmetries

are consistent with the neutrino data. But realiza-

tions of these symmetries in specific models are not

simple. The hope is that future neutrino data (bet-

ter knowledge of the mass matrix) can discriminate

among possibilities.

5. How We May Go...

5.1. Neutrality and Mass

In answering the questions of Sec. 3 one can imple-

ment the “minimalistic” approach, that is, to try to

relate features of the neutrino masses and mixings

with already known differences of characteristics of

neutrinos and other fermions.

The main feature of neutrinos is neutrality:

Qγ = Qc = 0. (17)

It leads to the following possibilities:

• neutrinos can be Majorana particles;

• they can mix with singlets of the SM symmetry

group; and

• the right-handed components (RH), if they ex-

ist, are singlets of SU(3) × SU(2) × U(1). So,

their masses are unprotected by the symmetry

and therefore can be large.

In turn, properties of the RH components open

two other possibilities. The RH neutrinos can:

• have large Majorana masses: MR À VEW
(which leads to the see-saw); and

• propagate in (large, or warped, or infinite) extra

dimensions, or be located on the “hidden” (not

ours) brane in contrast to other fermions.

Introduction of the RH neutrino has a number

of attractive features,66 in particular, it allows one

to extend the electroweak symmetry to the gauged

SU(2)L × SU(2)R × U(1)B−L.

Is this enough to explain the properties of the

mass spectrum and mixings?

5.2. Effective Operator

Suppose the SM particles are the only light degrees

of freedom. Then at low energies (after integrating

out the heavy degrees of freedom) one can get the

operator: 67

λij
M

(LiH)T (LjH), i, j = e, µ, τ, (18)

where Li is the lepton doublet, λij are the dimension-

less couplings and M is the cut-off scale. After EW

symmetry breaking it generates the neutrino masses

mij =
λij〈H〉

2

M
. (19)

For λij ∼ 1 and M = MPl we find mij ∼

10−5 eV.68 Three important conclusions immediately

follow from this consideration.
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1). The Planck scale (gravitational) interactions

are not enough to generate the observed values of the

masses. So, new scales of physics below MPl should

exist.

2). Contributions to the neutrino masses of the

order∼ 10−5 eV are still relevant for phenomenology.

Sub-dominant structures of the mass matrix can be

generated by the Planck scale interactions.69

3). The neutrino mass matrix can get observable

contributions from all possible energy/mass scales

from the EW scale to the Planck scale. As a con-

sequence, the structure of the mass matrix can be

rather complicated.

5.3. See-saw

The see-saw (type I) mechanism70 implements the

neutrality in full strength (Majorana nature, heavy

RH components). Introducing the Dirac mass ma-

trix, mD = Y vEW , where Y is the matrix of Yukawa

couplings and vEM is the electroweak VEV, we have

m = −mT
DM

−1
R mD (typeI). (20)

If the SU(2) triplet, ∆L, exists which develops

a VEV 〈∆L〉, the left-handed neutrinos can get a

direct mass mL via the interaction f∆L
TL∆L. If

∆L is very heavy, it can develop the induced VEV

from interactions with a doublet: 〈∆L〉 = v2EW /M .

So that

mL = f∆
v2EW
M

(typeII), (21)

and here we deal with the see-saw of VEV’s.71

In SO(10) with 126H -plet of Higgses we have

MR = fvR, where f is the Yukawa coupling of the

matter 16-plet with 126H and vR is the VEV of the

SU(5) singlet component of 126H . Now f∆ = f , and

the general mass term which contains both types of

contributions can be written as

m =
v2EM
vR

(fλ− Y T f−1Y ). (22)

Here λ is the coupling of 10- and 126-plets. Accord-

ing to this expression the flavor structure of the two

contributions may partially correlate.

The number of RH neutrinos can differ from 3.

Two possibilities have been explored:

“... less than 3 ”: which corresponds to the 3×2

see-saw in the case of two RH neutrinos.72 Such a

possibility can be realized in the limit when one of

the RH neutrinos is very heavy: M ∼ MPl, being,

e.g. unprotected by the SU(2)H horizontal symme-

try. It leads to one exactly massless LH neutrino and

smaller number of free parameters.

One can further reduce the number of unknown

parameters postulating zeros in the Dirac matrix

mD.
52 This can lead to the predictions for sin θ13,

mee, as well as for relations between δ and the phase

responsible for leptogenesis.

“... more than 3 ”: additional singlets of the SM

may not be related to the family structure. Alterna-

tively, three additional singlets, S, which belong to

families, can couple to the RH neutrinos. In the lat-

ter case the double see-saw can be realized.73 In the

basis (ν, νc, S), the mass matrix may have the form





0 mD 0

mT
D 0 M

0 MT µ



 (23)

which leads to the light neutrino masses:

m = −mT
D(M

−1)TµM−1mD. (24)

Two interesting limits are: (i) µ¿M , it allows one

to reduce all high mass scales for the same values of

the light neutrino masses, (ii) µÀM , e.g. µ = MPl,

and M = MGU : in this case the intermediate mass

scale, M2
GU/MPl = 1012 − 1014 GeV for the masses

of RH neutrinos can be obtained.

5.4. Grand Unification and Neutrino

Mixing

GU theories provide a large mass scale comparable to

the scale of RH neutrino masses.74 Furthermore, one

can argue that GUT + see-saw can naturally lead

to the large lepton mixing in contrast to the quark

mixing. The arguments go like this:

1. Suppose that all quarks and leptons of a given

family are in a single multiplet Fi (as 16 of SO(10)).

2. Suppose that all Yukawa couplings are of the

same order thus producing matrices with generically

large mixing.

3. If the Dirac masses are generated by an unique

Higgs multiplet, say 10H of SO(10), the mass ma-

trices of the up and down components of the weak

doublets have identical structures, and so, will be

diagonalized by the same rotations. As a result:

- no mixing appears for quarks, and

- masses of up and down components will be

equal to each other (this needs to be corrected).
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4. In contrast to other fermions, the RH neu-

trinos acquire Majorana masses via the additional

Yukawa couplings (with 126H of SO(10)).

5. If those (Majorana type) Yukawa couplings

are also of the generic form, they produce MR with

large mixing which leads then to large lepton mixing.

The problem of this scenario is the strong

hierarchy of the quark and lepton masses. In-

deed, taking the neutrino Dirac masses as mD =

diag(mu,mc,mt) in a spirit of GU, we find that for

generic MR the see-saw type I formula (20) produces

strongly hierarchical mass matrix with small mix-

ings. Possible solutions are:

1. a special structure of MR which compensates

the strong hierarchy in mD;

2. a substantial difference in the Dirac matrices of

quarks and leptons: mD(q) 6= mD(l); or

3. a type II see-saw for which there is no relation

to mD.

In what follows we will comment on these three

possibilities.

See-Saw enhancement of mixing.75 Can the same

mechanism (see-saw) which explains the smallness

of the neutrino mass also explain the large lepton

mixing? So, that the large mixing appears as an

artifact of the see-saw?

The idea is that due to the (approximate) quark-

lepton symmetry, the Dirac mass matrices of the

quarks and leptons have the same (similar) structure

mD ∼ mup, ml ∼ mdown leading to small mixing in

the Dirac sector. However, the special structure of

MR (which has no analogue in the quark sector) leads

to an enhancement of lepton mixing. Two different

possibilities have been found:

• strong (nearly quadratic) hierarchy of the RH

neutrino masses: MiR ∼ (miup)
2; and

• strong interfamily connection (pseudo Dirac

structures) like

MR =





A 0 0

0 0 B

0 B 0



 . (25)

In the three neutrino context both possibilities

can be realized simultaneously, so that the pseudo
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Figure 12. The masses of the RH neutrinos in GeV as func-
tions of the lightest neutrino mass |m1| in eV (solid lines) for
different values of the Majorana phases of light neutrinos.75

We take sin θ13 = 0 and the best-fit values of other oscillation
parameters. Shown is also the dependence of mee (in eV) on
|m1| (thin dashed line).

Dirac structure leads to maximal 2-3 mixing, whereas

the strong hierarchy A¿ B enhances the 1-2 mixing.

In Fig. 12 we show dependences of the RH neu-

trino masses reconstructed from the low energy data

on the lightest neutrino mass for different values of

the Majorana phases. According to this figure

1). In the largest part of the parameter space

(m1, ρ, σ) there is a very strong (4 - 5 orders of

magnitude) mass hierarchy of the RH neutrinos.

2). The lightest mass is typically below 105 GeV,

thus strongly violating the lower bound on the mass

from the condition of successful leptogenesis: M1 >

4× 108 GeV.77

3). At certain points the level crossings occur.

At these points (i) there is a strong degeneracy of

mass eigenstates: in particular, M1 = M2, (ii) the

lightest mass can be as large as 108 GeV and (iii)

the lepton asymmetry can be resonantly enhanced78

up to the required value.

Large mixing and type II see-saw. In general, the

structure of neutrino mass matrix generated by the

type II (triplet) see-saw is not related to structures

of matrices of other fermions.

In some particular cases, however, the relations

can appear leading to interesting consequences. In

the SO(10) model the 126H Higgs multiplet can

play a double role: (i) generate neutrino masses

mL = Y126v∆, where v∆ is the VEV of the SU(2)

triplet in 126H ; and (ii) give contributions to the
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quark and charged lepton masses (if doublets con-

tained in 126 get VEV’s) reproducing the Georgi-

Jarlskog mass relation for the first and second gen-

erations.

Since mb − mτ ∝ (Y126)33, the contribution of

126H destroys the b− τ unification unless (Y126)33 ≤

(Y126)23. The latter leads to large (but not necessar-

ily maximal) 2-3 lepton mixing. In this context, the

b− τ unification implies large 2-3 mixing.79

In models of this type a successful leptogenesis

is possible with participation of the scalar triplet.80

The model has been generalized also to 3 generations,

leading typically to 1-2 mixing at the larger side of

the allowed region.81

Single RH neutrino dominance.82 The large neu-

trino mixing and relatively strong mass hierarchy

implied by the solar and atmospheric neutrino data

can be reconciled if only one RH neutrino gives the

dominant contribution to the see-saw. (This leads

to the submatrix of mL with nearly zero determi-

nant.) There are two different realizations of this

possibility. In one case the large mixing originates

from the large mixing in the Dirac neutrino mass

matrix mD: two LH neutrinos have nearly equal

couplings to the dominating RH component. Sup-

pose that (mD)23 ≈ (mD)33 = m, (mD)13 = λm

(λ ≈ 0.2) and all other elements of mD are much

smaller. Then if only (M−1)33 is large in the in-

verted matrix, the see-saw leads to the mass matrix

which reproduces the second structure in Eq. (14).

In another version, the dominance is realized

when two RH neutrinos are much heavier than the

third (dominating) one and no large mixing in mD

appears. This is equivalent to the strong mass hier-

archy case of the see-saw enhancement mechanism.

A realization requires (mD)22 ≈ (mD)23 ¿ (mD)33,

and (M−1)22 being the dominant element.

Lopsided models.83 Large lepton mixing follows

from the charge lepton mass matrix which should be

non-symmetric (no left-right symmetry). This does

not contradict the Grand Unification: in SU(5) the

LH components of leptons are unified with the RH

components of quarks: 5 = (dc, dc, dc, l, ν). There-

fore large mixing of the LH leptonic components is

accompanied by large mixing of the RH d-quarks

which is unobservable. Introducing the Dirac mass

matrix of the charged leptons with the only large el-

ements (ml)33 ∼ (ml)23, one can obtain the large

2-3 lepton mixing. This scenario can also be realized

in SO(10), if the symmetry is broken via SU(5). A

double lopsided matrix for both large mixing is also

possible.

Radiative enhancement of mixing.84 The idea is

that the difference between the quark and lepton

mixings is a result of different renormalization group

effects. The lepton mixing is small (similar to quark

mixing) at the GU scale but running to low energies

leads to its enhancement.

The main requirement of such an enhancement is

that the neutrino mass spectrum is quasi-degenerate

(and this is the key point which distinguishes quarks

and leptons). The enhancement occurs when neu-

trinos become even more degenerate at low energies.

For instance, running of the 2-3 mixing is described

by

d sin θ23
dt

∼ (sin θ12Uτ1D31 − cos θ12Uτ2D32), (26)

where t ≡ 1/8π2log(q/M), Dij ≡ (mi +mj)/(mi −

mj), and mi are the mass eigenvalues. The minus

sign in the denominators of Dij plays the key role.

The mechanism requires fine tuning of the initial

mass splittings and radiative corrections. In princi-

ple, in the MSSM both the 1-2 and 2-3 mixings can

be enhanced in this way. In the SM only 1-2 mixing

can be enhanced.

The fine-tuning problem can be avoided if the

masses are generated from the Kähler potential. In

this case large mixing appears as the infrared fixed

point.85

Another possible application of the radiative ef-

fects is the generation of small oscillation parameters

like ∆m212, and sin θ13.
86 Again this can be realized

only in the case of a mass spectrum with degeneracy.

5.5. How To Test the See-Saw

Mechanism?

This is the key question which implies essentially the

test of existence of the heavy Majorana RH neutri-

nos. There are two (known) possibilities.

1). Leptogenesis.87 For the hierarchical RH neu-

trino spectrum and in assumption of the type I see-

saw, it gives bounds on (i) the mass of the lightest

RH neutrino MR1, (ii) the effective parameter m̃1
which determines the washout effect. Notice that the

leptogenesis probes the combination of the Yukawa

couplings (Y Y †)ii.
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2). The RH neutrinos can produce renormaliza-

tion effects above the scale of their masses: between

MR and, say, the GUT scale. In particular, they can

renormalize the mb−mτ mass relation88 which leads

to the observable effect in the assumption ofmb−mτ

unification at the GUT scale.

Another possibility is that the renormalization

due to RH neutrinos modifies masses and mixing

of the light neutrinos, e.g. enhances the lepton

mixing.89

5.6. SUSY See-Saw

Additional possibilities to test the see-saw mecha-

nism appear if SUSY is realized. The part of su-

perpotential relevant for the see-saw can be written

as

Wlep = lcTYlLH1 + νcTY LH2 +
1

2
νcTMRν

c. (27)

Structures relevant for the see-saw are imprinted into

properties of the slepton sector. So, studying the

properties of sleptons (masses, decay rates, etc.) one

can get information about the neutrino mass gener-

ation.

Certain predictions can be made in the assump-

tions of universal soft SUSY breaking masses (m0,

A0) at high (GUT ?) scale MX , and the absence of

new particles/interactions up to MX .

Due to renormalization group effects the Yukawa

couplings (27) give contributions to the masses of left

sleptons at low energies: 90

(m2S)ab = m2aδab−
3m20 +A20

8π2
(Y †)ai(Y )iblog

(

MX

MiR

)

.

(28)

The contribution splits masses of sleptons of differ-

ent flavors and sleptons-antisleptons as well as lead-

ing to mixing of sleptons (the off-diagonal terms in

Eq. (28)) which is related to the mixing of neutrinos.

In turn, these contributions to the slepton

masses produce a number of observable effects:

1. rare leptonic decays: the one-loop mixing of

sleptons of different flavors induces the flavor violat-

ing decays: µ→ eγ, τ → µγ, τ → eγ; 90

2. sneutrino flavor oscillations; 91

3. slepton decays; 92

4. sneutrino-antisneutrino oscillations; 93 and

5. contribution to the electric dipole moments of

charged leptons.94

Up to a log factor these effects are determined by

the combination ∼ (Y †Y ). Notice that another com-

bination: (Y TM−1Y ) enters the see-saw (type I) for-

mula. It was shown95 that knowledge of these com-

binations allows, in principle, one to reconstruct pa-

rameters of the RH neutrino sector (masses, phases).

For this, in turn, one needs to reconstruct completely

the mass matrix of light neutrinos, discover SUSY

and measure rare processes with high enough accu-

racy. This looks practically impossible, at least now.

Partial tests of the see-saw can be done by study-

ing the rare decays induced by the slepton mixing.

The branching ratio equals

B(µ→ eγ) =
α3

G2Fm
8
SUSY

|(m2S)µe|
2 tan2 β, (29)

where mSUSY = mSUSY (m0,m1/2) is the effective

SUSY mass parameter, m1/2 is the gaugino mass,

tanβ is the ratio of MSSM Higgs doublet VEV’s,

and (m2S)µe is given in Eq. (28).

If the large lepton mixing originates from the

Dirac mass matrix (lopsided models, versions of the

single RH neutrino dominance), the Yukawa cou-

plings Yµi, Yei are large and for mSUSY ∼ 200

GeV the branching ratio in Eq. (29) turns out to

be 10−12− 10−11 - at the level of the present experi-

mental bound. Determination of mSUSY in terms of

m0 and m1/2 beyond the leading log approximation

has further enhanced the branching ratio.96

5.7. Other Mechanisms

What are other possibilities apart from the see-saw?

The incomplete list includes.

1. Various radiative mechanisms: The Zee (one

loop) mechanism97 is essentially excluded in its min-

imal version by data.98 One loop generation also oc-

curs in the SUSY models with trilinear R-parity vio-

lating couplings. Neutrino masses can be generated

in two loops as suggested by Zee97 and Babu.99

2. Neutrino mass generation by the bi-linear R-

parity violation terms.100 This mechanism is a combi-

nation of the see-saw and radiative effects: neutrino

mass appears as the see-saw due to mixing of neu-

trinos with neutralinos (Higgsino) and the latter is

generated by running from the high mass scales.

3. Mechanisms related to the existence of ex-

tra dimensions. There are different scenarios: (i)

large extra dimensions (ADD)101 where the Dirac

neutrino mass is suppressed by the large volume of
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extra dimensions, (ii) warped extra dimensions (RS),

where the RH neutrinos can be zero modes local-

ized on the hidden brane, thus leading again to the

small Dirac neutrino mass,102 and (iii) infinite extra

dimensions.103

4). There are several new proposals which imple-

ment various realizations of the see-saw mechanism.

Models with dynamical symmetry breaking104

reproduce the low scale see-saw mechanism with the

RH neutrino masses below the symmetry breaking

scale, and correspondingly, with small Dirac masses

(much smaller than the masses of quarks and charged

leptons).

Also in models with “Little Higgs” 105 the neu-

trinos get masses via the low scale see-saw.

In models with dimensional deconstruction106

the see-saw scale (masses of the RH neutrinos) is

determined by the inverse lattice spacing. The Dirac

mass matrix is nearly diagonal and the large (max-

imal) mixing follows from the pseudo-Dirac struc-

tures in the RH mass matrix which correspond to

Le − Lµ − Lτ symmetry. Essentially, the maximal

mixing appears because different lepton families be-

long to different sites of the lattice and the link scalar

fields (singlets of SM) couple with the RH compo-

nents of neutrinos, thus producing the off-diagonal

(in flavor space) Majorana mass terms.

These alternative mechanisms imply deviation

from minimality. They can accommodate the neu-

trino masses and produce some interesting features.

However, they do not really lead to a better under-

standing of the experimental results and require in-

troduction of additional elements (physics) beyond

the Standard Model with RH neutrinos.

Turning the arguments: the neutrino data can

be used to put limits on the suggested alternative

mechanisms, and consequently, on physics beyond

the SM. In such a way the neutrinos can probe extra

dimensions, dynamical symmetry breaking, etc..

6. Conclusions

During last several years enormous progress has been

achieved in the determination of the neutrino masses

and mixings and in studies of the neutrino mass ma-

trix. Still, large freedom exists in the possible struc-

tures of the mass matrix which leads to very different

interpretations of the results. There are no definite

hints from the bottom-up approach yet, and more

information is needed, in particular, on the type of

mass spectrum.

The main question (still open) is: what is be-

hind the obtained results? What is the underlying

physics? Preference? Probably, the see-saw asso-

ciated to the Grand Unification. The context of

SO(10) looks rather appealing in spite of known

problems. Other mechanisms (being in a less ad-

vanced stage of development) are not excluded and

can give leading or sub-leading contributions to neu-

trino mass.

How can ideas about neutrinos be checked? Fu-

ture experiments will perform precision measure-

ments of neutrino parameters. Apart from this to

understand the underlying physics we will certainly

need results from the non-neutrino experiments:

- astrophysics and cosmology;

- searches for rare processes like flavor violating

lepton decays, proton decay, etc.; and

- future high energy colliders.
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DISCUSSION

William Lois (LANL): Can some type of SEE-

SAW model explain a light sterile neutrino that

would influence the solar neutrino data?

Alexei Smirnov: We have not studied this ques-

tion. However, I think there is no problem in

constructing a kind of singular see-saw model

which accommodates a sterile neutrino with the

proposed properties.


