
HIGH PRECISION LA TTICE QCD MEETS EXPERIMENT

P. LEPAGE

Laboratory for Elementary-Particle Physics, Cornell University,Ithaca, NY 14853, USA
E-mail: gpl@mail.lns.cornell.edu

C. DAVIES

Dept. of Physics and Astronomy, University of Glasgow,Glasgow,G12 8QQ, UK
E-mail: c.davies@physics.gla.ac.uk

We review recent results in lattice QCD from numerical simulations that allow for a much more realistic QCD vacuum
than has been possible before. Comparison with experiment for a variet y of hadronic quantities gives agreement to
within statistical and systematic errors of 3%. We discuss the implications of this for future calculations in lattice
QCD, particularly those which will provide input for B -factory experiments.

1. In tro duction

In this talk we report on recent progress in lattice
QCD simulations that ¯nally allows precisecalcula-
tions of a broad, but restricted, range of important
non-perturbativ e quantities. For most of its 25 year
history, high precision calculations in lattice QCD
have been stymied by our inabilit y to include re-
alistic e®ectsfrom light-quark vacuum polarization.
Small quark masses,for u and d quarks in particu-
lar, weretoo expensive. Consequently quark vacuum
polarization wasomitted (\quenched QCD") in most
work. When vacuum polarization was included, usu-
ally only u and d quarks were kept (no s) and these
had masses10{20£ too large. Such approximations
led to uncontrolled systematic errors that could be
10{30% or larger in almost all lattice QCD calcula-
tions.

During the past three years,several lattice QCD
groups have been exploring a new discretization of
the quark action that is 50{1000 times faster than
previous discretizations, but also highly accurate.
These investigations have led to a seriesof simula-
tions that include u, d, and s quark vacuum polar-
ization, with u and d massesthat are 3{5£ smaller
than before. These massesare still unrealistically
large, but they are small enough to allow accurate
extrapolations to the physical masses.Consequently
lattice QCD errors can be reducedto a few percent,
and high precisionnon-perturbativ eQCD is now pos-
sible for the ¯rst time.

High precision non-perturbativ e QCD is essen-
tial to the experimental study of the Standard Model.
The CKM parameters½and ´ , for example,are con-

strained by experimental and theoretical results for
B -B mixing, B ! ¼lº , K -K mixing, . . . . Each of
these quantities has a non-perturbativ e QCD part
and a weak interaction part. Current uncertainties,
of order 20%, in the QCD parts dominate the un-
certainties in ½and ´ . It is critically important that
non-perturbativ e QCD errors be reduced to a few
percent, which is of order the experimental errors
expected from B -factories, CLEO-c, and the hadron
colliders.

High precision non-perturbativ e quantum ¯eld
theory may well be important for beyond the Stan-
dard Model, as well. Two of the three known in-
teractions (QCD and gravit y) are strongly coupled.
New strongly-coupled ¯eld theories are quite pos-
sible, even likely, at LHC energiesand/or beyond.
Strong coupling is generic at low energiesin non-
abelian gauge theories, unless the gauge symmetry
is spontaneously broken; and, even then, the most
likely symmetry breaking mechanisms are dynami-
cal, which again requires strong coupling.

Herewe will review the new developments in lat-
tice QCD techniques,and discussrecent calculations,
and possibilities (and limitations) for the future.

2. Lattice QCD Calculations

Lattice QCD calculations proceedby the discretiza-
tion of a 4-d box of space-time into a lattice. The
QCD Lagrangian is then discretized onto that lat-
tice. The spacing between the points of the lattice,
a, is ¼ 0.1 fm in current calculations and the length
of a side of the box is L ¼ 3.0 fm. Thus our simula-
tions can cover energyscalesfrom ¼ 2 GeV down to
¼ 100 MeV.
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The FeynmanPath Integral is evaluated numeri-
cally in a two-stageprocess.In the ¯rst stage,setsof
gluon ¯elds (\con¯gurations") are created which are
representativ e \v acuum snapshots". In the second
stage,quarksareallowed to propagateon theseback-
ground gluon ¯eld and hadron correlators are calcu-
lated. The dependenceof the correlators on lattice
time is exponential. From the exponent the masses
of hadronsof a particular J P C can be extracted, and
from the amplitude, simple matrix elements.

QCD as a theory has a number of unknown
parameters, the overall dimensionful scale of QCD
(´ the bare coupling constant) and the bare quark
masses.To make predictions, theseparametersmust
be ¯xed from experiment. In lattice QCD we do this
by using one hadron massfor each parameter. The
quantit y which is equivalent to the overall scale of
QCD on the lattice is the lattice spacing.

Lattice calculations are hard and time consum-
ing. Progresshas occurred in the last thirt y years
through gains in computer power but also, more im-
portantly , through gains in calculational e±ciency
and physical understanding. One particular area
which revolutionized the ¯eld from the mid-1980s
was the understanding of the origin of discretiza-
tion errors and their removal by improving the lat-
tice QCD Lagrangian. Discretization errors appear
whenever equations are discretized and solved nu-
merically. They manifest themselves as a depen-
denceof the physical result on the unphysical lattice
spacing. In lattice QCD, as elsewhere,they are cor-
rected by the adoption of a higher order discretiza-
tion scheme. The complication in a quantum ¯eld
theory like QCD is the presenceof radiativ e correc-
tions to the coe±cients in the higher order scheme
which must be determined.

Determining such radiativ e corrections is a ma-
jor challengefor lattice QCD theorists. Theseinvolve
physics at momentum scalesof order ¼=a, where a
is the lattice spacing,and, therefore they can be an-
alyzed using perturbation theory1 when a is small
enough, becauseof asymptotic freedom. The one-
and two-loop perturbativ e analysesthat are required
are complicated by the exceedinglyunwieldy Feyn-
man rules of lattice QCD. The rule for a single ver-
tex can run to several hundred pages of 6 pt text.
Computer automation is essential. Progresson these
calculations is currently the limiting factor in most
high precision work that is relevant to tests of the

Standard Model.
Physical understanding of heavy quark physics

on the lattice has also made a huge di®erenceto the
feasibility of calculating matrix elements relevant to
the B -factory program on the lattice. The use of
non-relativistic e®ective theories requires the lattice
to handle only scalesappropriate to the physics of
the non-relativistic bound states and not the (large)
scaleassociated with the b quark mass. B physics is
now one of the areas where lattice QCD can make
the most impact.

One area which has remained problematic, but
which this year's results have addressedsuccessfully,
is the handling of light quarks on the lattice. In par-
ticular the problem is how to include the dynamical
(sea) u=d=s quark pairs that appear as a result of
energy°uctuations in the vacuum. We can safely ig-
nore b=c=tquarks in the vacuum becausethey are so
heavy, but we know that light quark pairs have sig-
ni¯can t e®ects,for examplein screeningthe running
of the coupling constant and in generating Zweig-
allowed decay modesfor unstable mesons.

Because quarks are fermions, they cannot be
simulated directly on the computer, but must be \in-
tegrated out" of the Feynman Path Integral. This
leaves a QCD Lagrangian in terms of gluon ¯elds
which includes ln(det( M )) where M is an enormous
(107£ 107) sparsematrix. The inclusion of dynamical
quarks is then numerically very expensive, particu-
larly as the quark massis reducedtowards the small
valueswhich we know the u and d quarks have.

Many calculations even today usethe \quenched
approximation" in which the light quark pairs are ig-
nored. Results then su®erfrom a systematic error of
O(20%). A seriousproblem with the quenched ap-
proximation is the lack of internal consistencywhich
meansthat the results depend on the hadrons that
were usedto ¯x the parametersof QCD. This ambi-
guity plaguesthe lattice literature.

Other calculations have included 2 °avors of de-
generate dynamical quarks, i.e. u and d, but with
masses10-20£ the physical ones. This approxima-
tion is better than the quenched approximation but
large uncertainties remain becausethe s quark is
omitted. Results must also be extrapolated to the
physical u=d quark massand chiral perturbation the-
ory is a good tool for this. However, chiral perturba-
tion theory only works well if the u=d quark massis
light enoughand, for errors at the few percent level,
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this meanslessthan ms=2. This hasbeenimpossible
to achieve in most calculations.

New results this year2 have included u; d and s
quarks in the vacuum, with light enoughu=d masses
to perform accurate chiral extrapolations. The re-
sults use a new discretization of the quark action -
the numerically fast improved staggeredformalism.
This formalism is well-matched to the supercomput-
ing power of a few T°ops that is currently achievable.

2.1. Impr oved Stagger ed Quarks

The starting point for the staggeredquark formalism
is the naÄ³ve discretization of the Dirac quark action
onto a lattice. This action has good features: chi-
ral symmetry and discretization errors that appear
only as the square and higher powers of the lattice
spacing. The naÄ³vediscretization su®ersfrom the no-
torious doubling problem, however. A single quark
specieson the lattice gives rise to 16 quark species,
or tastes, on a 4-d lattice. The additional tastes ap-
pear around the edgesof the Brilliouin zone, where
p ¼ ¼=a, as copiesof a p ¼ 0 quark. This would not
bea problem if there wereno interaction betweenthe
di®erent tastessincethe quark action would then fall
apart into 16 di®erent piecesin an appropriate ba-
sis and we could take det(M )(1=16) in simulations to
give the e®ectof 1 quark °avor.

There is interaction betweenthe di®erent tastes,
however. It is mediated by highly virtual gluons,
with momenta around ¼=a. A quark of onetaste can
absorb or emit such a high momentum gluon and
turn into a quark of another taste. The e®ectsof
this taste-changing interaction are quite severe for
the naÄ³ve action, giving rise to large discretization
errors (even though formally of O(a2)) and large per-
turbativ e renormalization factors, e.g. for the quark
mass, when translating from the lattice scheme to
the continuum. The degeneracyin massof mesons
made from quarks of di®erent taste is lost. This is
most noticeable for the pions becausethere is a light
Goldstone boson.

Becausethe taste-changing interaction is a high
momentum one it can be understood in lattice per-
turbation theory. In particular, the e®ectscan be
signi¯cantly improved by suppressingthe coupling of
quarks to gluons of momenta ¼=a in any direction.
This is achieved by \smearing" the gluon ¯eld in the
action in a particular way,3;4 and can be thought of

as part of the standard Symanzik program for sys-
tematically removing discretization errors from lat-
tice actions.

It is simple to \stagger" the naÄ³ve action and
its improved variant to remove an exact degeneracy
of a factor of 4 in tastes which arisesfrom the spin
degreeof freedom. This results in an action with 4
doublerswhich can be simulated on the lattice using
det(M )(1=4) per °avor. It is very fast numerically
becausethere is only one spin degreeof freedomper
site and the eigenvaluesof M are well behaved. This
is what has allowed the MILC collaboration to gen-
erate ensemblesof con¯gurations which include u, d,
and s quarks in the vacuum with much more realistic
massesthan before.5

Some worries remain about potential non-
locality in the action as the result of taking the
fourth root. However, this causesno problem in
perturbativ e QCD where a simple power series in
x is obtained for an action with det(M )x . Stringent
non-perturbativ e tests are also then needed. Luck-
ily these tests are possible in this formalism with
present day computers becauseof their speed, and
are exactly the calculations required to test (lattice)
QCD. The results, shown in the next section, speak
for themselves.

3. Recen t Results

The MILC collaboration have made sets of ensem-
bles of gluon ¯eld con¯gurations which include 2 de-
generate light dynamical quarks (u; d) and 1 heav-
ier one (s).5 Taking the u and d massesas the same
makesthe lattice calculation much faster and leadsto
negligible errors in isospin-averagedquantities. The
dynamical s quark mass is chosen to be approxi-
mately correct basedon earlier studies (in fact the
subsequent analysis shows that it was slightly high
and further ensembles are now being made with a
lower value). The dynamical u and d quarks take a
range of masses,down as low as a sixth of the (real)
ms. The sets of ensembles divide into two di®erent
values of the lattice spacing, 0.13 fm and 0.09 fm,
and the spatial lattice volume is (2:5 fm)3 reason-
ably large. Analysis of hadronic quantities on these
ensembles has beendone by the MILC and HPQCD
collaborations.2

There are 5 bare parametersof QCD relevant to
this analysis: ®s; mu=d ; ms; mc and mb. The lattice



4

the � nite volume of our lat t ice (2.5fm across). Unstable
, are constant ly 
 uctuat ing

into on-shell or nearly on-shell decay products that can
easily propagate to the boundaries of the lat t ice; simi-
lar problems a� ict mult ihadron states. Consequent ly we
focus here on hadrons that are at least 100MeV below

, � . . . );
and we restrict our at tent ion to hadronic masses, and to
hadronic matrix elements that have at most one hadron
in the init ial and � nal states. Theseare the \ gold-plated"
calculat ions of LQCD | calculat ions that must work if

Unambiguous tests of LQCD are part icularly impor-
tant with staggered quarks. These discret izat ions have

) cre-
ates four equivalent species or \ tastes" of quark. \ Taste"
is used to dist inguish this property, a lat t ice art ifact ,

f �

f K

3M � � M N

2M B s � M �

 (1P � 1S)

� (1D � 1S)

� (2P � 1S)

� (3S � 1S)

� (1P � 1S)

LQCD/ Exp't (nf = 0)
1.110.9

LQCD/ Exp't (nf = 3)
1.110.9

Figure 1. Lattice QCD results divided by experiment for a
range of \gold-plated" quantities which cover the full range of
hadronic physics.2 The unquenched calculations on the righ t
show agreement with experiment across the board, whereas
the quenched approximation on the left give systematic errors
of O(10-20%).

spacing takes the place of ®s in lattice QCD. It is
important that theseparametersare ¯xed using the
massesof \gold-plated" hadrons, i.e. hadrons which
are well below their strong decay thresholds. Such
hadronsare well-de¯ned experimentally and theoret-
ically and should be accurately calculable in lattice
QCD. Using them to ¯x parameters will not then
intro duce unnecessaryadditional systematic errors
into lattice results for other quantities. This has not
always beendone in past lattice calculations, partic-
ularly in the quenchedapproximation. It becomesan
important issuewhen lattice QCD is to be usedas a
precision calculational tool. We use the radial exci-
tation energyin the ¨ system(i.e. the masssplitting
betweenthe ¨ 0 and the ¨) to ¯x the lattice spacing
and m¼, mK , mD s and m¨ to ¯x the quark masses.

We can then focus on the calculation of other
gold-plated massesand decay constants. If QCD
is correct and lattice QCD is to work it must re-
producethe experimental results for thesequantities
precisely. Figure 1 shows that this indeed works for
the unquenched calculations with u; d and s quarks
in the vacuum. A range of gold-plated hadrons are
chosen which range from decay constants for light
hadrons through heavy-light massesto heavyonium.
This tests QCD in di®erent regimes in which the
sources of systematic error are very di®erent and
stressesthe point that QCD predicts a huge range
of physics with a small set of parameters.

References6¡ 9 give more details on the quanti-
ties shown in Fig. 1. Here we will discusssome of
these. Figure 2 shows the radial and orbital split-
tings in the bb (¨) systemfor the quenched approxi-
mation (nf = 0) and with the dynamical MILC con-
¯gurations with 3 °avors of dynamical quarks. Our
physical understanding of the ¨ systemis very good
and there are a lot of gold-plated states well below
decay thresholds, which makes it a valuable system
for lattice QCD tests. We use the standard lattice
NRQCD e®ective theory for the valence b quarks,
which takesadvantage of the non-relativistic nature
of the bound states. The lattice NRQCD action is
accurate through v4 where v is the velocity of the
b quark in its bound state. This means that spin-
independent splittings, such as radial and orbital
excitations, are simulated through next-to-leading-
order and should be accurate to ¼ 1%. Thus the
test of QCD using thesesplittings is a very accurate
one. The ¯ne structure in the spectrum is only cor-
rect through leading-orderat present and more work
must be done to bring this to the samelevel and al-
low tests against, for example,the splittings between
the di®erent Âb states.7

The ¨ system is a good one for looking at the
e®ectsof dynamical quarks becausewe do not expect
it to be very sensitive to dynamical quark masses.
The momentum transfer inside an ¨ is larger than
any of the u; d or s massesand soweexpect the radial
and orbital splittings to simply \count" the number
of dynamical quarks once we have reasonably light
dynamical quark masses. The lower plot of Fig. 2
shows this to be true - the splittings are independent
of the dynamical u=d quark mass in the region we
are working in (and therefore for the points plotted
in the left-hand ¯gure of Fig. 1 and in Fig. 2).

The ¼ and K decay constants are important
light hadron matrix elements, related to the purely
leptonic decay rate via a W , and experimentally
well-known. These are very sensitive to light quark
massesand require a well-controlled extrapolation in
the u=d quark massand interpolation in the s quark
mass to get accurate results to compare to experi-
ment. Chiral perturbation theory canbeusedto per-
form the u=d quark massextrapolation provided the
massesused on the lattice are small enough for the
expansionin powersof quark mass(´ m2

¼=(1GeV2))
and its logarithms to work well. In practice this
meansthat second-orderchiral perturbation theory
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        3S-1S
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Figure 2. Radial and orbital splittings in the ¨ system from
lattice QCD in the quenched approximation and including u; d
and s dynamical quarks. In this plot the lattice spacing was
¯xed from the radial excitation energy, i.e. the splitting be-
tween the ¨ 0 and the ¨ and the b quark mass was tuned to get
the ¨ mass correct. The bottom plot shows these splittings
plotted as a function of the bare dynamical u=d quark mass
for several ensembles of MILC con¯gurations. The leftmost
lattice points are the ones used in the top plot and in Fig. 1.

m sea
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m s = 2: 3
m s = 4: 5
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mval
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0.1

0.09

Figure 3. Results for the ¼ and K decay constants as a func-
tion of the ligh t quark mass for two dynamical MILC ensem-
bles at a lattice spacing of 0.09 fm. The top plot shows the
chiral extrap olation using only results with valence u=d quark
masses< ms =2.2 The chiral extrap olation must subsequently
be corrected for the incorrect valence and sea s quark mass
to give the results in Fig. 1. The bottom plot shows that this
chiral ¯t from ligh t u=d quark massesdoesnot agree well with
the data for mu=d > ms =2.
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should work at the 2% level for mu=d < ms=2. Note
that the error is set by the largest quark massused
in the chiral ¯ts, not the smallest.

Figure 3 shows the results and chiral extrap-
olation for the decay constants on the ensembles
of MILC con¯gurations with msea

u=d = ms=2:3 and
ms=4:5 at a lattice spacing of 0.09 fm. The curves
in the top plot show the chiral extrapolation using
only results with mval ence

u=d < ms=2. This extrapo-
lation has to be corrected, using the lattice results,
to interpolate to the physical s quark massfor both
sea and valence s quarks. This then gives the re-
sults shown in Fig. 1 which agreewith experiment.
The lower plot shows what happenswhen the chiral
extrapolation ¯t obtained in the top plot is evalu-
ated for larger valence mu=d . The f ¼ results start
to show clear disagreement for mu=d > ms=2, which
makesthe problem of performing accurate chiral ex-
trapolations using results with mu=d > ms=2 obvi-
ous. Previous lattice calculations have been forced
by computing cost to work only in this regime, with
the added problem that the seamu=d is also large.10

Another gold-plated hadron massis that of the
nucleon. A full chiral extrapolation of the results for
this on the MILC con¯gurations has not yet been
done. The upper plot of Fig. 4 shows very encour-
aging signs that an answer in agreement with ex-
periment will be found.6 There is a clear sign of
dependenceon the lattice spacing, however, which
will have to be taken into account. Combinations of
baryon massescan be made which are relatively in-
sensitive to u=d quark massesand other e®ects,and
it is one of these, 3m¥ ¡ mN , which is plotted in
Fig. 1.

It is important to realize that accurate lattice
QCD results are not going to be obtainable in the
near future for every hadronic quantit y of interest.
What theseresultsshow is that \gold-plated" quanti-
ties should now work. Gold-plated hadronsare those
well below decay threshold for strong decays. Unsta-
ble hadrons, or even those within 100 MeV or so of
Zweig-allowed decay modes, have a strong coupling
to their real or virtual decay channelwhich is not cor-
rectly simulated on the lattice. The problem is that,
with the lattice volumesbeing used,the allowed non-
zero momenta are typically greater than 400 MeV
and this signi¯cantly distorts the decay channel con-
tribution. Much larger simulations will be necessary
to handle thesehadrons.

Figure 4. The top plot shows results for the nucleon mass
on MILC ensembles for di®erent lattice spacings and dynam-
ical quark masses. The nucleon mass is given in units of r 1 ,
a parameter from the heavy quark potential whose physical
value is 0.32 fm. The dynamical quark mass is indicated by
the variable m2

¼=m2
½. The curve roughly indicates chiral per-

turbation theory.6 The bottom plot shows the spectrum of D s

states obtained from the MILC dynamical con¯gurations with
mu=d = ms =4 and lattice spacing 0.13 fm.11
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Gold-plated hadrons include: ¼, K , D , D s, J=Ã,
¨, B , Bs, p, n, ¤, ­, etc.. The following arenot gold-
plated: ½, Á, D ¤, D sJ , ¢, N ¤, pentaquarks, glueballs
and hybrids in general. Lattice calculations will not
get the massesright for non-gold-platedhadronseven
when light dynamical quarks are included. This does
not preclude lattice calculations giving useful quali-
tativ e results and insight but thesepoints should be
borne in mind for any quantitativ e comparison.

Figure 4 alsoshowsthe spectrum of D s statesob-
tained on the dynamical MILC con¯gurations.11 The
valencec quarks are simulated using an e®ective the-
ory which, in a similar way to the ¨ above, should
be accurate for spin-independent splittings and not
quite so accurate for ¯ne structure in the spectrum.
The hyper¯ne splitting between the D s and D ¤

s , for
example, is currently missing a radiativ e correction
to the term in the action proportional to the spin
coupling to the chromo-magnetic ¯eld. This is be-
ing calculated in lattice perturbation theory.1 Also
shown are the scalar and axial vector orbital excita-
tions comparedto the recent experimental results for
thesemesons.The lattice calculation is giving a high
result, albeit with large statistical errors at present.
However, a high result is consistent with the fact
that these mesonsare not gold-plated and the lat-
tice calculation does not currently include correctly
the coupling to their decay modes.

Decay rates which can be accurately calculated
for gold-plated hadronsare thosein which there is at
most one(gold-plated) hadron in the ¯nal state. This
therefore includes leptonic and semi-leptonic decays
and the mixing of neutral B and K mesons.Luckily
there is a gold-plated decay modeavailable to extract
each element (except Vtb ) of the CKM matrix which
mixes quark °avors under the weak interactions in
the Standard Model:

0

B
B
B
B
B
B
B
B
B
B
B
@

V ud V us V ub

¼! lº K ! lº B ! ¼lº
K ! ¼lº

V cd V cs V cb

D ! lº D s ! l º B ! D lº
D ! ¼lº D ! K lº

V td V ts V tb

hBd jB d i hBs jB s i

1

C
C
C
C
C
C
C
C
C
C
C
A

:

As described earlier, the determination of the CKM
elements and testsof the self-consistencyof the CKM
matrix are the current focusfor the search for beyond
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The gray points in Fig. 5 arepreliminary results
from HPQCD [80] on the MILC ensembles, with
nf = 2 + 1 and r � 0:8. Alt hough the statistical
errors are sti ll too large to get too excit ed, it is
strik ing how closely they track thechiral log curve
(which was � t to JLQCD only). Taking just the
smallest mass point onewould conclude � f & 1:2.

For the bene�t of those interested in the CKM
� t, the rest of th is section recommends values for
the mixing parameters. Let us start with the B
factors, whosechiral logsaresmall, becauseof the
facto 1 � 3g2 � � 0:05:

B̂B s = 1:31 � 0:10; B̂B d = 1:26� 0:10; (39)

� B = 1:022 � 0:018; (40)

symmetrizing JLQCD's error bars [78]. These
values are probably robust, because the bag fac-
tors seem to be insensitiv e to nf [57], and the
chiral uncertainty is a fraction of the tota l.

Recommendations for f B s , f B d , and � are less
straightforward. f B s should be gold-plated [4,5],
but the comparison of JLQCD and HPQCD

f B s = 215(9)(14) MeV (nf = 2) [78]; (41)

f B s = 260(7)(29) MeV (nf = 2 + 1) [80]; (42)

is unsettlin g. The � rst error bar is statistical;
the comesfrom systematics, like matching, that

0.0 0.5 1.0 1.5 2.0 2.5 3.0

r = mq
val

/ms

0.80

0.90

1.00

1.10

1.20

1.30

1.40

xf

Figure 5. � f vs. r unquenched. Open symbols
denote nf = 2 Wilson sea quarks [78]; solid gray
symbols denote nf = 2 + 1 improved staggered
sea quarks [80]. The solid line (dashed curve)
is JLQCD's linear �t (a chiral log �t [16]) to
JLQCD' s data. Statistical errors only.

are partly in common. A furth er uncertainty in
the nf = 2 result comesfrom using the unstable
� meson to convert to MeV. Converting wit h �
split tings would increase f B s , perhaps by 15%.
On the other hand, the nf = 2 + 1 result is st ill
preliminary. These issues can only be taken into
acount subjectively. My recommendation is

f B s = 235� 35 MeV: (43)

To esti mate � , I shall use the ratio � =
� f � B f � =f K . The chiral log largely cancels be-
tween � f and f � =f K [81], and the sensitivit y to
g2 partly cancels between � f and � B [16]. From
JLQCD' s data I obtain � = (f K =f � )� = 1:23 �
0:06; HPQCD quotes (very preliminar ily ) 1.22{
1.34 [80], though most of the uncertainty here is
statistical. I shall quote round numbers

� = 1:25� 0:10 (44)

with the fervent hope that next year's reviewer
can quote a smaller, yet robust, error bar.

7. SUMM A RY AND PE R SPE CTIVE

Most of th is review has covered methodology.
It may be dull, but I hope that th is focus will
help us to meet the challenge of 
a vor physics.
The principal concerns|th e quenched approxi-
mation, heavy-quark discretization e� ects, and
the chiral extr apolation|are easy enough to list.
Progress in unquenched calculati ons [4,5] says
that we must confront the other two problems.

Here, and elsewhere[24], I have argued that we
should attack both problems by separating scales
with e�ec tiv e � eld theories. This givesusa frame-
work that is theoreti cally sound, and familiar to
other theorists, and experimenters too. As long
aswe are not naive in applying e�ec ti ve � eld the-
ories, we have good reason to believe that our
error bars wil l be robust and persuasive.

Finally, although it is clear that latti ce QCD
is conceptually sound, let us remember that we
carry out numerical simulati ons. These are not
easy for outsiders (even other experts) to grasp
fully. It thereforealways helps to have tests of the
whole apparatus. In the caseof heavy quarks, a
good set of checks come from quarkonium, where
the spectrum and also many electromagnetic de-
cay amplitud es are well measured and (for us)

Figure 5. Results for the ratio of f B s =f B d , as a function of
valence u=d quark mass in units of m s .12 The (grey) squares
are from the dynamical MILC ensembles including u; d and s
dynamical quarks.13 The (black) diamonds are from the pre-
vious best calculation which included 2 °avors of dynamical
quarks with masses > m s =2.10 The straigh t line is a linear
extrap olation for the 2 °avor results, the curve includes the
possibilit y of logarithms from chiral perturbation theory . This
ratio, for physical u=d masses,appears in the ratio of oscilla-
tion frequencies for B s and B d mesons, which it is hoped to
measure experimentally .

the Standard Model physics and lattice calculations
of thesedecay rates will be a key factor in the preci-
sion with which this can be done.

The ¯rst calculations on the dynamical MILC
con¯gurations have concentrated on the B and B s

leptonic decay rates,13;11 becausethese are the sim-
plest. They are parameterized by the decay con-
stants, f B and f B s , and theseare an important com-
ponent of the mixing rate for these mesons,which
constrains Vts and Vtd . Again one issue in extract-
ing reliable lattice results for f B and f B s is the chi-
ral extrapolation in the u=d quark mass. Figure 5
shows results on the MILC con¯gurations for the ra-
tio of f B s =f B d plotted against the valenceu=d quark
mass.12 The data extend into the region mu=d <
ms=2 which will allow an accurate chiral extrapo-
lation for the ¯rst time. Although the statistical er-
rors are currently rather large, it seemslikely that
the result for this ratio will be larger than previous
estimates based on extrapolations from larger u=d
masses,and including only two °avors of dynamical
quarks.10 Further calculations of gold-plated matrix
elements are in progress.14
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4. Conclusions

The possibility of few percent errors in lattice QCD
simulations createsa superb opportunit y for lattice
QCD to have an impact on particle physics. Lattice
QCD is essential to the high precision B =D physics
programs at BaBar, Belle, CLEO-c, Fermilab, . . . .
Predicting BaBar/Belle, and especially CLEO-c re-
sults at the few percent level will give much needed
credibilit y to lattice QCD. It is critical in such tests
and applications to focus on gold-plated quantities.

High precision non-perturbativ e QCD is a land-
mark in the history of quantum ¯eld theory, and it is
an essential ¯rst step in our preparation for strong-
coupling beyond the Standard Model.
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DISCUSSION

Je® App el (Fermilab): Congratulations on your
progress on massesand engineering numbers
needed for CKM measurements. The major
issues in QCD itself, however, lie in the area
you described as still hard after current suc-
cesses:e.g. light scalar mesons,glueballs, hy-
brids, and production processes. When might
we expect progress in these areas? Are the
newimprovements enoughor areyet newer tech-
niques needed?

Peter Lepage : It's di±cult. You can do someres-
onance work. There are techniques for low-
mass resonancesso things like that ½and the
Á can probably be nailed { we have the tech-
nology. Things like glueballs { which would be
really neat { are much, much harder and people
have really just scratched the surface in think-
ing about new ways of doing it. SoI don't know
what to promise there. The one thing I can say,
though, about things like glueballs is that in lat-
tice gauge theory, we really haven't been sure
that it was working for anything up until very,
very recently . And when you're not sure that
it's working for anything, even simple things,
it's really, really hard to devote a lot of time to
something like the glueball which you know is
much much harder, given that you're not even
clear that it can get the nucleon massright yet.
And, soat somelevel, getting a foundation that
is really, really solid and well-established { at
the coupleof percent level whereeveryoneagrees
that this is the real thing { is bound to improve
the odds for doing somethingnon-trivial like ¯g-
uring out how to do a glueball decay width. I
can't predict what it is, I'm just saying that
we're in vastly better shape by virtue of hav-
ing gotten to ¯rst base. We have a much better
chanceof getting to secondbaseif we've already
madeit to ¯rst base. And what we're doing now
is trying to get to ¯rst base, and looking for
ways in which we can have a big impact. And
that's why there's a lot of focus on B physics,
becausethere we really can have a big impact
on the scienti¯c program. This is not to say that
there's nothing you can get from lattice gauge

theory. I mean, probably the most compelling
studiessofar for things like glueballscomefrom
lattice gauge theory. And people have fooled
around with techniques for trying to estimate
decay widths and so on { even of glueballs. I
don't know if those techniques are reliable or
not, but there are someideas that you can try
out. And if we can sort of pin down the rest of
the territory then it makes it more likely that
we'll be able to ¯gure our way out of that prob-
lem. So I'm not being too encouraging, but I
think we're in much better shape even for the
harder problems.

Enrico Predazzi (INFN, Turin): When you men-
tioned in the beginning that the old lattice did
not really represent QCD, you mentioned that
that was, among other things, becauseof not
incorporating quark loops. Now, in the new lat-
tice, you have seaquarks but you have no actual
gluons or anything of the kind.

Peter Lepage : No, we have gluons.

Enrico Predazzi (INFN, Turin): How does that
comein?

Peter Lepage : Basically, we're evaluating the path
integral of QCD numerically so we're integrat-
ing over all valuesof the gluon ¯eld. I should be
clear for people who don't know lattice QCD.
What it is is taking the path integral of the
quantum ¯eld theory { literally the thing you
read in a textb ook { and evaluating that integral
numerically. It's a numerical approximation to
that integral. It's a very hard integral to do, and
it's taken us a while to ¯gure out how to do it
e®ectively, but it is just the path integral that's
the input. That's what the computer program is
munching on. When I say bare quark massand
bare coupling as the inputs, those are literally
the things that appear in the Lagrangian. We're
working with the real thing here. I showed you
upsilon spectra { it's not a quark model with a
potential { there are only 5 numbers that went
into all the data I showed you, and those are
those massesand the bare thing and the rest of
it is a numerical path integral.
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Alb erto Sirlin (New York University): One calcu-
lation that would be very interesting for the
problem of universality is the calculation of
f + (0) in the K ` 3 decays { the form factor. It
seemsto fall into the category of your gold-
plated...could that be possible? That would be
very important.

Peter Lepage : Yes. There's a big experimental
communit y in B and D physics, but we know
that there's also somereally interesting stu® in
kaon physics. So we're aware of it. Whether it
getsdonethis year or next year is another ques-
tion. It might actually be useful to talk a little
bit { maybe you should visit Cornell?


