The differential equation method:

evaluation of complicated Feynman integrals

A.V.Kotikov

Particle Physics Laboratory Joint Institute for Nuclear Research 141980 Dubna, Russia.

Abstract

We discuss a progress in calculation of Feynman integrals which has been done with help of the differential equation method and demonstrate the results for a class of two-point two-loop diagrams.

The idea of the differential equation method (DEM) (see [1,2]): to apply the integration by parts procedure [3] to an internal n-point subgraph of a complicated Feynman diagram and later to represent new complicated diagrams, obtained here, as derivatives in respect of corresponding mass of the initial diagram.

Thus, we have got the differential equation for the initial diagram. The inhomogeneous term contains only more simpler diagrams. These simpler diagrams have more trivial topological structure and/or less number of loops [1] and/or ends [2].

Applying the procedure several times, we will able to represent complicated Feynman integrals (FI) and their derivatives (in respect of internal masses) through a set of quite simple well-known diagrams. Then, the results for the complicated FI can be obtained by integration several times of the known results for corresponding simple diagrams.

Sometimes it is useful (see [4]) to use external momenta (or some their functions) but not masses as parameters of integration.

The recent progress in calculation of Feynman integrals with help of the DEM.

1. The articles [5] and [6]:

a) The set of two-point two-loop FI with one- and two-mass thresholds has been evaluated by DEM (see Fig.1). The results are given on pages 3 and 4 and of some ot them have been known before (see disscussions in [5]). The check of the results has been done by Veretin program.

b) The set of three-point two-loop FI with one- and two-mass thresholds has been evaluated (the results of some ot them has been known before (see [6])) by a combination of DEM and Veretin program for calculation of first terms of FI small-moment expansion.

2. The article [7]:

The full set of two-point two-loop onshell master diagrams has been evaluated by DEM. The check of the results has been done by Kalmykov program.

3. The articles [8]:

The set of three-point and four-point two-loop massless FI has been evaluated.

Here we demonstrate the results of FI are displayed on Fig.1.

We introduce the notation for polylogarithmic functions:

Li_a(z) = S_{a−1,1}(z), S_{a+1,b}(z) = (−1)^{a+b} a! b! ∫_1 0 log^a(t) log^b(1 − zt) t dt. (1) We introduce also the following two variables z = q^2 m^2 , y = 1 − √ z/(z − 4) 1 + √ z/(z − 4) . (2)

Then

q^2 · I_1 = − 1 2 log^2(−z) log(1 − z) − 2 log(−z)Li_2(z) + 3Li_3(z) − 6S_{1,2}(z)

− log(1 − z) ( ζ_2 + 2Li_2(z) ) , (3)

q^2 · I_5 = 2ζ_2 log(1 + z) + 2 log(−z)Li_2(−z) + log^2(−z) log(1 + z) + 4 log(1 + z)Li_2(z) − 2Li_3(−z) − 2Li_3(z) + 2S_{1,2}(z^2) − 4S_{1,2}(z) − 4S_{1,2}(−z) , (4)

q^2 · I_{12} = Li_3(z) − 6ζ_3 − ζ_2 log y − 1 6 log^3 y − 4 log y Li_2(y)

+ 4Li_3(y) − 3Li_3(−y) + 1 3 Li_3(−y^3) , (5)

q^2 · I_{13} = −6S_{1,2}(z) − 2 log(1 − z) ( ζ_2 + Li_2(z) ) , (6) q^2 · I_{14} = log(2 − z) ( log^2(1 − z) − 2 log(−z) log(1 − z) − 2Li_2(z) )

− 2 3 log^3(1 − z) + log(−z) log^2(1 − z) − 2ζ_2 log(1 − z)

− S_{1,2}(1/(1 − z)^2)+2S_{1,2}(1/(1 − z))+2S_{1,2}( − 1/(1 − z)) + 1 3 log^3 y + log^2 y ( 2 log(1 + y^2) − 3 log(1 − y + y^2) )

− 6ζ_3 − Li_3(−y^2) + 2 3 Li_3(−y^3) − 6Li_3(−y)

+ 2 log y ( Li_2(−y^2) − Li_2(−y^3) + 3Li_2(−y) ) , (7)

q^2 · I_{15} = 2Li_3(z) − log(−z) Li_2(z) + ζ_2 log(1 − z) + 1 6 log^3 y − 1 2 log^2 y ( 8 log(1 − y) − 3 log(1 − y + y^2) )

− 6ζ_3 − 1 3 Li_3(−y^3) + 3Li_3(−y) + 8Li_3(y)

+ log y ( Li_2(−y^3) − 3Li_2(−y) − 8Li_2(y) ) , (8)

q^2 · I_{123} = −ζ_2 ( log(1 − z) + log y ) − 6ζ_3 − 3 2 log(1 − y + y^2) log^2 y

+ Li_3(−y^3) − 9Li_3(−y) − 2 log y ( Li_2(−y^3) − 3Li_2(−y) ) , (9)

q^2 · I_{125} = −2 log^2 y log(1 − y) − 6ζ_3 + 6Li_3(y) − 6 log y Li_2(y) , (10)

q^2 · I_{1234} = −6ζ_3 − 12Li_3(y) − 24Li_3(−y) + 8 log y ( Li_2(y) + 2Li_2(−y) ) + 2 log^2 y ( log(1 − y) + 2 log(1 + y) ) . (11)

References

[1] A.V. Kotikov, Phys. Lett. B 254, 185 (1991), Mod. Phys. Lett. A 6, 677 (1991).

[2] A.V. Kotikov, Phys. Lett. B 259, 314 (1991); B 267, 123 (1991).

[3] F.V. Tkachov, Phys. Lett. B 100, 65 (1981); K.G. Chetyrkin and F.V. Tkachov, Nucl. Phys. B 192, 159 (1981); A.N. Vassiliev, Yu.M. Pis’mak and Yu.R. Khonkonen, Theor. Math. Phys. B 47, 291 (1981).

[4] E. Remiddi, Nuovo Cim. A 110, 1435 (1997).

[5] J. Fleischer, A.V. Kotikov, and O.L. Veretin, Nucl. Phys. B 547, 343 (1999).

[6] J. Fleischer, A.V. Kotikov, and O.L. Veretin, Phys. Lett. B 417, 163 (1998). [7] J. Fleischer, M.Yu. Kalmykov, and A.V. Kotikov, Phys. Lett. B 462, 169 (1999). [8] T. Gehrmann and E. Remiddi, Nucl. Phys. B 580, 485 (2000); hep-ph/0008287;

Nucl. Phys. Proc. Suppl. 89, 251 (2000); C. Anastasiou, T. Gehrmann, C. Oleari, E. Remiddi and J.B. Tausk, Nucl. Phys. B 580, 577 (2000).